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On the Minimum Mean pth Error in Gaussian
Noise Channels and Its Applications

Alex Dytso

H. Vincent Poor

Abstract—The problem of estimating an arbitrary random
vector from its observation corrupted by additive white Gaussian
noise, where the cost function is taken to be the minimum
mean pth error (MMPE), is considered. The classical minimum
mean square error (MMSE) is a special case of the MMPE.
Several bounds, properties, and applications of the MMPE are
derived and discussed. The optimal MMPE estimator is found
for Gaussian and binary input distributions. Properties of the
MMPE as a function of the input distribution, signal-to-noise-
ratio (SNR) and order p are derived. The “single-crossing-point
property” (SCPP) which provides an upper bound on the MMSE,
and which together with the mutual information-MMSE rela-
tionship is a powerful tool in deriving converse proofs in multi-
user information theory, is extended to the MMPE. Moreover,
a complementary bound to the SCPP is derived. As a first
application of the MMPE, a bound on the conditional differential
entropy in terms of the MMPE is provided, which then yields a
generalization of the Ozarow—Wyner lower bound on the mutual
information achieved by a discrete input on a Gaussian noise
channel. As a second application, the MMPE is shown to improve
on previous characterizations of the phase transition phenomenon
that manifests, in the limit as the length of the capacity achieving
code goes to infinity, as a discontinuity of the MMSE as a function
of SNR. As a final application, the MMPE is used to show new
bounds on the second derivative of mutual information, or the
first derivative of the MMSE.

Index Terms—I-MMSE, estimation.
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I. INTRODUCTION

N the Bayesian setting the Minimum Mean Square Error

(MMSE) of estimating a random variable X from an obser-
vation Y is understood as a cost function! with a quadratic loss
function (i.e., Ly norm):

mmse(X | ¥) = E [|X —E[X | Y]|2]. 1

Another commonly used cost function is the L; norm with
loss function given by the absolute value of the error (i.e., the
difference between the variable of interest and its estimate).
In general, cost functions with non-quadratic loss functions are
not well understood and have been considered only for special
cases, such as under the assumption of Gaussian statistics.

The interplay between estimation theoretic and information
theoretic measures has been very fruitful; for example the so
called mutual information-MMSE (I-MMSE) relationship [3],
that relates the derivative of the mutual information with
respect to the Signal-to-Noise-Ratio (SNR) to the MMSE,
has found numerous applications throughout information
theory [4]. The goal of this work is to show that the study
of estimation problems with non-quadratic loss functions can
also offer new insights into classical information theoretic
problems. The program of this paper is thus to develop the
necessary theory for a class of loss functions, and then apply
the developed tools to information theoretic problems.

A. Past Work

The popularity of the MMSE stems from its analytical
tractability, which is rooted in the fact that the MMSE is
defined through the L> norm in (1). The Ly norm, in turn,
allows applications of the well understood Hilbert space
theory [5]. In information theoretic applications the L, norm
is used, for example, to define an average input power con-
straint. The connection between the power constraint and the
L, norm leads to a continuous analog of Fano’s inequal-
ity that relates the conditional differential entropy and the
MMSE [6, Th. 8.6.6].

Recently, in view of the [-MMSE relationship [3], the
MMSE (in an Additive White Gaussian Noise (AWGN) chan-
nel) has received considerable attention. For example, in [7]
the I-MMSE relationship was used to give a simple alternative
proof of the Entropy Power Inequality (EPI) [8]. Moreover, the

! Another common term used is a risk function.
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so called ‘Single-Crossing-Point Property’ (SCPP) [9], [10]
that bounds the MMSE for all SNR values above a certain
value at which the MMSE is known, together with the
I-MMSE relationship, offers an alternative, unifying frame-
work for deriving information theoretic converses, such as: [9]
to provide an alternative proof of the converse for the Gaussian
broadcast channel (BC) and show a special case of the EPI;
in [11] to provide a simple proof for the information com-
bining problem and a converse for the BC with confidential
messages; in [10], by using various extensions of the SCPP,
to prove a special case of the vector EPI, a converse for
the capacity region of the parallel degraded BC under per-
antenna power constraints and under an input covariance
constraint, and a converse for the compound parallel degraded
BC under an input covariance constraint; and in [12] to provide
a converse for communication under an MMSE disturbance
constraint.

In [13] we demonstrated a bound that complements the
SCPP, that bounds the MMPE for all SNR values below a
certain value at which the MMSE is known, and allows for
a finer characterization of the phase transition phenomenon
that manifests as a discontinuity of the MMSE as a function
of SNR, as the length of the codeword goes to infinity. This
plays an important role in characterizing achievable rates of
the capacity achieving codes [14], [15]. One of the applications
of the tools presented in this work is an improvement on the
bound in [13, Th. 1].

Many other properties of the MMSE in relation to the
I-MMSE have been studied in [9] and [16]—-[18]. For a com-
prehensive survey on results, applications and extensions of the
I-MMSE relationship we refer the reader to [11] and [19].

While the MMSE has received considerable attention and
is well understood, non-quadratic cost functions are only
understood in special cases, such as under the assumption of
Gaussian statistics. For example, in [20] it was shown that
under scalar Gaussian statistics, for a large class of symmetric
loss functions the optimal linear MMSE (LMMSE) estimator
is also optimal. The result of [20] was extended in [21] to a
large class of cost functions that also include asymmetric loss
functions. Other early work in this direction includes also [22].

Tan et al. [23] studied the expected L, norm of the error,
when the input is assumed to be a Gaussian mixture. The
authors showed that, as the dimension of the signal goes to
infinity, the optimal LMMSE estimator minimizes the expected
maximum error.

Hall and Wise [24], [25] studied a class of even and non-
decreasing and even and convex, respectively, loss functions
and gave a sufficient condition on the conditional distribution
of the input X given the output Y, so that the conditional
expectation E[X|Y] is the optimal estimator.

Akyol et al. [26] studied a scalar additive noise channel and
an L, cost function and showed a necessary and sufficient
condition on the noise and the input distributions to guarantee
that the optimal estimator is linear. Moreover, under the
derived sufficient and necessary conditions, if the source and
noise variances are the same, then the optimal estimator is
linear if and only if the input and the noise distributions are
identical.
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Weinberger and Merhav [27] and Merhav [28] considered
the problem of transmitting a modulated signal over a discrete
memoryless channel where the performance criterion was
taken to be the L, cost function. To that end, the authors
showed tight exponential bounds for very small and very large
values of p.

Saerens [29] focused on designing an appropriate cost func-
tion such that the output of the trained model approximates the
desired summary statistics, such as the conditional expectation,
the geometric mean or the variance.

Livadiotis [30] focus on characterizing expectation and
variance based on L, norms and emphasized that a parame-
ter p provides a new degree of freedom in analyzing of new
phenomena in statistical physics. The interested reader is also
referred to [31] where the interplay between the L, means and
means generalized in terms convex functions is considered.

In non-Bayesian estimation L, cost functions have been
considered in [32] and [33], in a context of minimax estima-
tion, and the authors gave lower and upper bounds on the
exponential behavior of the cost function. For a non-Bayesian
treatment of non-quadratic cost functions we refer the reader
to [34] and [35].

Looking into non-quadratic cost functions is further moti-
vated by the fact that often the quadratic cost function may
not be the correct measure of signal fidelity for certain
applications. This is especially true in image processing where
error metrics, more sensitive to structural changes of the input
signal, better capture human perceptions of quality. We refer
the reader to [36] for a survey of recent results in this direction.

B. Paper Outline and Main Contributions

In this work we are interested in studying a cost function,
termed the Minimum Mean p-th Error (MMPE),? the scalar
version of which is given by

mmpe(X | Y; p) = il}f]E[lX - fmry, 2

where the infimum is over all measurable estimators f(Y).
Our contributions are as follows:
1) In Section II we formally define the vector version of
the MMPE in (2) and introduce related definitions.
2) In Section III we study properties of the optimal MMPE
estimator and show:

o In Section III-A, Proposition 1 shows that the MPPE
optimal estimator indeed exists;

o In Section III-B, Proposition 2 derives an
orthogonality-like principle that serves as a
necessary and sufficient condition for an estimator
to be MMPE optimal;

o Section III-C gives examples of optimal MMPE
estimators. In particular, in Proposition 3 we find
the MMPE for Gaussian random vectors, and in
Proposition 4 for discrete binary random variables;
and

o In Section III-D, Proposition 5 shows some basic
properties of the optimal MMPE estimator in terms

2The abbreviation MMPE has been used before in [11, Ch. 8] for the
Minimum Mean Poisson Error.
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of input distribution, such as, linearity, stability,
degradedness, etc. Moreover, via an example it is
shown that in general the MMPE optimal estimator
is biased on average (i.e., the first moment of the
error (bias) is not zero). However, it is shown that
the p-th order estimator is unbiased on average in
the sense that the (p — 1)-th moment of the error is
Zero.

3) In Section IV we study properties of the MMPE as a

function of order p, SNR and the input distribution that
will be useful in a number of applications:

e In Section IV-A, Proposition 6 shows that the
MMPE is invariant under translations of the input
random vector and derives basic scaling properties;

o In Section IV-B, Proposition 7 shows that, as far as
estimation error over the channel Y = /snrX+Z is
concerned the estimation of the input X is equivalent
to the estimation of the Gaussian noise Z; and

o In Section IV-C, Proposition 8 gives a ‘change of
measure’ result that allows one to take the expecta-
tion in the definition of the MMPE with respect to
an output at a different SNR.

4) In Section V we discuss basic bounds on the MMPE

and show:

o In Section V-A, Proposition 10 develops basic order-
ing bounds between MMPE’s of different orders and
bounds equivalent to that of the LMMSE bound;

o In Section V-B, Proposition 11 shows that, under
an appropriate moment constraint on the input dis-
tribution, the Gaussian input is asymptotically the
‘hardest’ to estimate;

o In Section V-C, Proposition 12 derives interpolation
bounds for the MMPE. One of the consequences of
such bounds is Proposition 13, which shows that the
MMPE is a continuous function of order p; and

o In Section V-D, Proposition 15 derives bounds on
the MMPE with discrete vector inputs.

5) In Section VI we define the conditional MMPE and

show:

o Proposition 16 shows that conditioning reduces the
MMPE; and

o Proposition 17 shows that the MMPE estimation
of X from two AWGN observations is equivalent to
estimating X from a single observation with a higher
SNR. This implies that the MMPE is a decreasing
function of SNR.

6) In Section VII we show applications of the developed

tools:

« In Proposition 18, by using the tools developed for
the conditional MMPE, a simple proof of the SCPP
for the MMSE is given, and extended to the MMPE;

o In Proposition 19 we use the change of measure
result in Proposition 8 to show a bound that comple-
ments the SCPP bound, that is, it bounds the MMPE
for all SNR values below a certain SNR value at
which the MMPE is known; and

« In Proposition 20, by using change of measure result
in Proposition 19 and continuity of the MMPE

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 64, NO. 3, MARCH 2018

in p from Proposition 13, we show that for any
finite dimensional input the MMPE is a continuos
function of SNR.

7) In Section VIII we apply the developed bounds and

generalize or improve some well known information
theoretic MMSE bounds:

o In Section VIII-A, Theorem 1 gives a general
inequality that bounds the conditional differential
entropy via the MMPE of which the continuous
analog of Fano’s from [6, Th. 8.6.6] is a special
case;

o In Section VIII-B, Theorem 2 generalizes the
Ozarow-Wyner bound [37] on the mutual informa-
tion achieved by a discrete input on an AWGN
channel, to vector discrete inputs and yields the
sharpest known version of this bound. Moreover, in
Theorem 3 we show how the bound behaves as the
dimension of the input goes to infinity;

o In Section VIII-C, Theorem 4 improves on the
previous characterizations of the width of the phase
transition region of finite-length code of length n
given by 0(%) in [13] to O(ﬁ). This in turn also
improves the converse result on the communica-
tions under disturbance constrained problem studied
in [13]; and

e In Section VIII-D, Proposition 21 we show how the
MMPE can be used to provide new lower and upper
bounds on the derivative of the MMSE.

C. Notation

Throughout the paper we adopt the following notational
conventions:

Deterministic scalar and vector quantities are denoted
by lower case and bold lower case letters, respectively.
Matrices are denoted by bold upper case letters;
Random variables and vectors are denoted by upper case
and bold upper case letters, respectively, where r.v. is
short for either random variable or random vector, which
should be clear from the context;

If A is a r.v. we denote the support of its distribution by
Supp(A);

The symbol | - | may denote different things: [A| is
the determinant of the matrix A, |A]| is the cardinality
of the set A, |X| is the cardinality of supp(X) , or |x]|
is the absolute value of the real-valued x;

The symbol || - || denotes the Euclidian norm;

[E[-] denotes the expectation operator;

We denote the covariance of r.v. X by Kx;

X ~ N(mx,Kx) denotes the density of a real-valued
Gaussian r.v. X with mean vector m and covariance
matrix Kx;

The identity matrix is denoted by I;

Reflection of the matrix A along its main diagonal, or the
transpose operation, is denoted by AT

The trace operation on the matrix A is denoted by Tr(A);
The Order notation A > B implies that A—B is a positive
semidefinite matrix;

log(-) denotes logarithms in base 2;
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o [n1 : no] is the set of integers from nj to ny > ny;

o Forx € R we let | x] denote the largest integer not greater
than x;

e For x € R we let [x]T := max(x,0) and log™(x) :=
[log(x)1*;

o Let f(x), g(x) be two real-valued functions. We use the
Landau notation f(x) = O(g(x)) to mean that for some
¢ > 0 there exists an xqo such that f(x) < ¢ g(x) for all
X > xp, and f(x) = o(g(x)) to mean that for every ¢ > 0
there exists an xq such that f(x) < cg(x) for all x > xo;

o We denote the conditional r.v. X|Y =y ~ pxjy(-|y)
as Xy;

« We denote the upper incomplete gamma function and the
gamma function by

o0
I (x;a) ::/ *le7ldt, x e R,a e RT, (3a)
a

I'(x):=T (x;0). (3b)
The generalized Q-function is denoted by
- I'(x;a)
1a) = . 3
Q(x;a) T (3¢)

In particular, the generalized Q-function can be related
to the standard Q-function, by using the relationship
0(W2x) = ﬁl“ (3;x?) and T(3) = 7, as
0 (% az) =20(+/2a); and

o We define the volume of the region S embedded in R” as

Vol(S) := /Sl dxidxy - - - dxy. 4)

In particular, the volume of the n-dimensional ball B(r)
of radius r centered at the origin is given by

n
T2r"

2

II. CosT FUNCTION DEFINITION

Motivated by the study of cost functions with non-quadratic
error we define the following norm.
Definition 1: For the rv. Ue R" and p > 0

- (etrl) - ([t )
(5)

For p > 1 the function in (5) defines a norm and obeys the
triangle inequality

U+ Vi, < IUll, + IVl (6)

Therefore, throughout the paper we define the L, space, for
p > 1, as the space of r.v. on a fixed probability space
(Q,0(Q),P) such that the norm in (5) is finite. However,
many of our results will hold for 0 < p < 1, for which (5) is
not a norm.

In particular, for Z ~ N (0, I) the norm in (5) is given by

" 5 , r(’”r_l’)
n|Zjy =E ZZl2 =2:—22 forneN,p=>0,
=1 r(3)

@)
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and for V uniform over the n dimensional ball of radius r the
norm in (5) is given by
1 72 r
o P nfld
Vol(B(r) T (%) /0 prpeap
n

- 2p +2n

p
n|Vip =

r?, forneN,p>0. (8)
Note that for n = 1 we have that ||U||§ =E [|U|1’] and
therefore from now on we will refer to ||U||1; as p-th moment
of U. Naturally, for n > 1, there are many other ways for
defining the moments, see for example [38]. However, in view
of the information theoretic problems we are interested in,
such for example from previous work [13], the definition in (5)
arises naturally.
Definition 2: For any p > 0, we define the minimum mean
p-th error (MMPE) of estimating X from Y as
mmpe(X|Y; p) 1= il}f IX = fOOII, 9
and where the minimization is over all possible Borel measur-
able functions f(Y). Whenever the optimal MMPE estimator
exists and is unique (up to a set of measure zero) we shall
denote it by fp (X|Y).3 The optimal estimator in (9) might not
be unique (i.e., there could be two or more estimators that do

not agree on a set of a positive measure) in which case we
define

FpXIY =y) =sup{l f (VI : () is a minimizer in (9)}.
(10)

Remark 1: The notation f,(X|Y), for the optimal estimator
in (9) is inspired by the conditional expectation E[X|Y], and
fp(XIY) should be thought of as an operator on X and a
function of Y. Indeed, for p = 2, the MMPE reduces to the
MMSE; that is, mmpe(X|Y; 2) = mmse(X|Y) and f>(X|Y) =
E[X|Y]. The properties of f,(X|Y) as an operator on X will
be investigated in Proposition 5.

Finally, similarly to the conditional expectation, the notation
frXIY = y) should be understood as an evaluation for a
realization of a random variable Y, while f,(X|Y) should be
understood as a function of a random variable Y which itself
is a random variable.

We shall denote

mmpe(X|Y; p) = mmpe(X, snr, p), (11
if Y and X are related as
Y=+snrX+7Z, (12)

where Z,X, Y € R", Z ~ N(0,I) is independent of X,
and snr > 0 is the SNR. When it will be necessary to
emphasize the SNR at the output Y, we will denote it with
Ysnr. Since the distribution of the noise is fixed mmpe(X|Y; p)
is completely determined by the distribution of X and snr and
there is no ambiguity in using the notation mmpe(X, snr, p).
Applications to the Gaussian noise channel will be the main
focus of this paper.

3The restriction to measurable functions, in Definition 2, is necessary.
See [39] for surprising complications that can arise without this assumption.
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Note that there are other ways of defining the loss function
in (9); our definition in (9) is motivated by:
e For X € R! the error in (9) reduces to a natural
expression with loss function given by | X — f(Y)||? =
X — F)I7;
o The definition in (9) naturally appears in applications of
Holder’s or Jensen’s inequalities to mmse(X|Y); and
e The norm in (5) used in the definition of (9) can be related
to information theoretic quantities, such as differential
entropy and Rényi entropy, via the vector moment entropy
inequality from [40].
We shall also look at the p-th error achieved by the
suboptimal (unless p = 2) estimator E[X]Y], that is,

IX — EIX|Y]Il, 13)

which represents higher order moments of the MMSE loss
function and serves (see below) as an upper bound on (9).

III. PROPERTIES OF THE OPTIMAL MMPE ESTIMATOR
A. Existence of Optimal Estimator

It is important to point out that | X — E[X]|Y]| ,, in general
is not equal to the MMPE, as E[X]|Y] might not be the
optimal estimator under the p-th norm. The first result of
this section shows that for the AWGN channel the optimal
estimator f,(X|Y =) indeed exists.

Proposition 1: For mmpe(X,snr,p), p > 0, snr > 0
the optimal estimator is given by the following point-wise
relationship:

£p(X|Y = y) = max {v :
E[IX = vI7IY = y] = min E[IX — al”[V =] }.
(14)

Moreover, for p > 1 the optimal estimator is unique and is
given by

fp(XlYZY):arg‘{gg}lE[”X_V”HY:y]- 15)
Finally, if |X||, < oo then (14) and (15) are also valid for
snr=0".

Proof: See Appendix A. (]

A result similar to that in Proposition 1 can be found in
[35, Th. 4.1.1] where it has been shown that for a given X an
estimator f),(X|Y) is optimal provided that the minimum on
the right hand side of (14) exists. In contrast to [35, Th. 4.1.1],
Proposition 1 shows that the minimum in (14) exists for
any X, and f,(X]Y) is the MMPE optimal estimator for
any X.

Proposition 1 immediately implies the following corollary
on the interchange of the expectation and infimum which will
be used in many of the following proofs.

Corollary 1: For p > 0 and snr > 0

1
mmpe(X, nr, p) = inf - E[IX — £(¥)|]
n

I_|.
= -E [u}fIE[HX— f(Y)||1’|Y]] (16)
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Proof: In the proof of Proposition 1 it is shown that

E [il}fE [I1X - f(Y)||1’|Y]} =E[IX - fL,XY)I7],

for f,(X|Y) in (14). Therefore, we have the following chain
of inequalities

E[IX~ f,XYV)I’] =E [il}f]E [IX — f(Y)IlplY]}

ir}fIE[nX— FOI7]

IA

IA

E[IX - f,XIV)I7]. a7

This concludes the proof. 0

B. Orthogonality-Like Property

The MMPE for p # 2 differs from MMSE in a number of
aspects. The main difference is that the norm defined in (5)
is not a Hilbert space norm in general (unless p = 2); as a
result, there is no notion of inner product or orthogonality, and
fp(X]Y), unlike E[X]|Y], can no longer be thought of as an
orthogonal projection. Therefore, the orthogonality principle—
an important tool in the analysis of the MMSE—is no longer
available when studying the MMPE for p # 2. However,
an orthogonality-like property can indeed be shown for the
MMPE.

Proposition 2 (Necessary and Sufficient Condition for the
Optimality of fp(X|Y)): For any X, any snr > 0, p > 1,
fp(XIY) is an optimal estimator if and only if

_ T
E[IX - X172 (X = £,XIV)" -] =0,
(18a)
for any deterministic function g : R" — R", that is,
=2
E [(WTW) ’
where W = X — f,(X]Y). Moreover, for 0 < p < 1 the
condition in (18a) is necessary for optimality.

Proof: See Appendix B. 0
Note that Proposition 2 for n = 1 and p € R™ reduces to

W7 g(Y)} -0, (18b)

E[IX — f,(XIV)[P72(X — f,(X|Y)g(M)]1 =0, (19)
which for % e N further reduces to
E[(X — f,(X|Y)P~'g(¥)] = 0. (20)

Moreover, for p = 2 Proposition 2 reduces to the familiar
orthogonality principle

E[X— AXIY) - g(¥)| = E[ (X~ EXIYD" - g(V)]
=0. 21

Remark 2: In the analysis of the MMSE the orthogonality
property is an important tool, used for example to show
that E[X|Y] is the unique minimizer. The argument goes
as follows: assume that we have another optimal estimator
f(Y) # E[X]|Y], then by orthogonality principle,

0 = E[(X — EX|Y])  g(Y)] - E[(X — f(Y)  g(Y)]

= E[(f(Y) — EIX]YDTg(Y)]. (22)



DYTSO et al.: ON THE MMPE IN GAUSSIAN NOISE CHANNELS AND ITS APPLICATIONS

By choosing g(Y) = (f(Y)— E[X]|Y]) we see that E[(f(Y)—
EIX|IYDT(f(Y)— E[X|Y])] > O, arriving at a contradiction.
This implies that E[X|Y] is the unique estimator up to a set
of measure zero.

In [26, Lemma 1], by replicating the above argument and
by assuming that % € N and n = 1, it was shown that the
optimal MMPE estimator is unique. However, since the proof
relies heavily on the assumption that % € Nand n = 1,
this argument cannot be extended in a straightforward way to
peRTorn> 1.

C. Examples of Optimal MMPE Estimators

In general we do not have a closed form solution for the
MMPE optimal estimator in (14). Interestingly, the optimal
estimator for Gaussian inputs can be found and is linear for
all p > 1. Note that similar results have been demonstrated
in [20] and [26] for scalar Gaussian inputs. Next we extend this
result to vector inputs and give two alternative proofs of the
linearity of the optimal MMPE estimator for Gaussian inputs,
via Proposition 1 and via Proposition 2.

Proposition 3: For input Xg ~ N(0,1) and p > 1

IZ11}
mmpe(Xg, SNr, p) = ————, (23a)
(1+snr)z
with optimal estimator given by
A/snr
frXalY =y) = 1 23b)

Proof: The proof follows by observing that W = X5 —
J/snrY

tsnr has a Gaussian distribution and is independent of Y.
So, for any two functions f(-) and g(-) we have

ELf(W)g(Y)] =0.

Therefore, by using (24) for estimator f,(XglY =y) =
J/snr

T7snr ¥ the necessary and sufficient conditions in Proposition 2
hold and thus the linear estimator must be an optimal one.
Finally observe that

(24)

Jsnr |17 . IZII5
HXG 1 =2l = ——,  (25)
+snr |, (1+snr)2
where we have used Z = X¢g — ﬂrY ~N (0, ﬁl)
For a proof that uses only Proposition 1 see
Appendix C. (]

The optimal MMPE estimator is in general a function of p
as shown next.

Proposition 4: For X € {x1,x2} with P[X = x1] = 1 —
P[X = x2] = ¢ € (0, 1) and for p > 1 we have that

fp (XY =y)

1 _Gevseg)? 1 _Geysg)?
X1 - qP*l .e 2(p-1) + xp - (1 — q)p*l .e 2(p—1)
B 1 _O=yEm)? 1 o-Jem?
grT-e 2= 4+ (1 — q) -1 .¢e 2(p—1)
(26a)
In particular, for p = 1, we have that
x1, a>1
fr=1(X]Y =y) = [ ) (26b)
X2, otherwise,
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where
g —snrWI=RET0) 4 Jenry (v —xy)
a = ﬁe 2 . (26C)
Proof: See Appendix D. 0

Proposition 4 will be useful in demonstrating several exam-
ples and counter examples in the following sections. Note
that for the practically relevant case of BPSK modulation, or

x] = —xp =1 and ¢ = % the optimal estimator in (26a)
reduces to
4/snr
fp(XI¥ = y) = tanh (y 1 ) (272)
p—
which for p = 1 is the hard decision decoder
(XY =y) = 27b
fp=1(X]Y =y) {+1’y>0. (27b)

By Proposition 4 we can show that the orthogonality
principle only holds for p = 2 (when MMPE corresponds
to MMSE) as shown in Fig. la, where we plot h(p) :=
E[(X — fp(X|Y))Y] vs. p for BPSK input and observe it is
zero only for p = 2.

D. Basic Properties of the Optimal MMPE Estimator

Interestingly many of the known properties of f>(X|Y) =
E[X]Y] for MMSE are still exhibited by f,(X]Y) for any
p>0.

Proposition 5: For any p > 0 the optimal MMPE estimator
has the following properties:

1) if 0 < X e R! then 0 < f,(X|Y),

2) (Linearity) fp(aX+b|Y) =af,(X|Y)+b fora,b e R,

3) (Stability) f,(g(Y)|Y) = g(Y) for any deterministic

Sunction g(-),
4) (Idempotent) f,(f,(XIY)|Y) = f,(X|Y),
5) (Degradedness) fp (XIstrO,str) =fp (X|str0) for
a Markov chain X — Ysnr, = Ysnr,
6) (Orthogonality-like Principle) See Proposition 2.
Proof: See Appendix E. 0

It is important to point out that in general, the linearity
property does not hold for the sum of random variables. That
is, the following property:

fp@Xy +bXolY) = af,(X1Y) + b/, (X2]Y),  (28)

in general is not true.

Remark 3 (Average Bias of the MMPE Optimal Estimator):
An estimator f,(X|Y) is said to be unbiased on average if
EX — f,(X|Y)] = 0. In general f,(X|Y) is unbiased on
average only for p = 2, since

E[fp=2(X|Y)] = E[E[X]Y]] = E[X]. (29)

Fig. 1b shows that in general the optimal MMPE estimator is
biased on average; it plots E[X — f,(X|Y)] vs. p for X €
{=3,1} : P[X = —=3] = 0.01 and snr = 1, with f,(X|Y)
as in Proposition 4. This comes as no surprise as it is very
common in Bayesian estimation that the optimal estimator is
biased [41].
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Fig. 1.
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(b)

Counter examples for the orthogonality principle and the bias of the MMPE optimal estimator. (a) Plot of 2(p) := E[(X — f,(X|Y))Y] vs. p, for

X e {£1},P[IX =1] = % and snr =1 and f,(X[Y) given in (27a). (b) Plot of g(p) := E[(X — fp(X|Y)] vs. p, for X € {-3,1}, P[X = —3] = 0.01 and

snr =1 with f,(X[Y) given in (26a).

IV. PROPERTIES OF THE MMPE

In this section we explore properties of the MMPE as a
function of SNR and of the input distribution.

A. Basic Properties

The next two properties of the MMPE directly follow from
the properties of f,,(X|Y) in Proposition 5.
Proposition 6: For any p > 0

mmpe(X + a, snr, p) = mmpe(X, snr, p), (30a)
mmpe(aX, snr, p) = a’mmpe(X, a’snr, p). (30b)
Proposition 6 implies that the MMPE, like the MMSE, is
invariant under translations, and that scaling the input results

in scaling the SNR and the error.

B. Estimation of the Input is Equivalent to
Estimation of the Noise

The following lemma is commonly applied in the analysis
of the MMSE.
Lemma 1: For X,Z,Y given in (12)

Jvsnr(X — E[X]Y]) = —(Z — E[Z]Y)). (31a)
Moreover,
vsnr | X — E[X|Y]ll, = IIZ — E[Z|Y]ll - (31b)

Lemma 1 states that estimating the noise is equivalent
to estimating the input signal if one uses the conditional
expectation as an estimator.

Next we show that an equivalent statement holds for the
MMPE.

Proposition 7: For X, Z,Y given in (12)

Jsnr mmpe% XY; p) = mmpe% (Z)Y; p). (32a)
Moreover,
venr (X — f,(X|Y)) = —(Z — fp(Z]Y)).  (32b)

Proof: From the definition of the MMPE in (9)

1
mmpe? (X, snr, p)

=ﬁym—fwwp (33)
1
= inf Y-7Z)—- f(Y
Jl‘l(ly) M( /) p

1 .
= o 12 - (Venrs () =),

1
= inf 1Z - g,  (34)

VSN g(y): g(y)=y—+/snrf(y)
1 1
= ——mmpe’ (Z|Y; p).

J/snr
This shows the equality in (32a). Moreover, since f,(X|Y)
exists and the infimum in (33) is attainable by Proposition 1,
so is the infimum in (34). Therefore, from (34) we have that
fp(Z]Y) exists and is given by

fo@IY) = Y — /801 £, (X|Y)

= vsnrX +Z — /snrf,(X[|Y), (35)
which leads to (32b). This concludes the proof. ]

C. Change of Measure

The next result enables us to change the expectation from
Ysnr to Ygnr, in the definition of the MMPE in (9) whenever
snr < snrg. This is particularly useful when we know the
MMPE, or the structure of the optimal MMPE estimator, at
one SNR value but not at another smaller SNR value.

Proposition 8: For any X, snr € (0, snro] and p > 0, we
have

mmpe(X, snr, p)

. 1 sSnr snro—snr Z;L 22
= H}f ;ELHX — f(stro)”p,/ Sn—roe 2snrp - ~i=l ':|~ (36)

Proof: See Appendix F. 0
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One must be careful when evaluating Proposition 8. For
example, since we have that

. snr
lim —e
snr—01 V SNy

at first glance it appears that the expectation on the right
of (36) is zero while mmpe(X, 0, p) is not, thus violating
the equality. However, a more careful examination shows that
when snr — 0 the limit and expectation in (36) cannot be
exchanged; indeed we have that

lim

snrp—snr
E [ snr R 72
snr—0+ snry
snr snrp—snr 72
|—E|e
snr—0t V SNy

snrp—snr o
2snr 4 =0
b

lim 2snr

. snr 1
lim =1,
snr—0* y SNro /q _ snro—snr
snrg

where in the last equality we used the moment generating
function of the Cauchy r.v. Z2. As an example, Proposition 8
for X ~ AN(0,1) with the optimal linear estimator from
Proposition 3, i.e., f(y) = ay for some a, evaluates to

2snrg

E||X — f(Y. 2
[II f Wsnro)l snro
snr snrp—snr o
9 (1 — Jshroa)? /SWE[XZ]IE |:e 281 Z}
0

snrg—snr
+(12 ﬂE ZZC 2snrg z?
V snry

b) 1
“ 1+4snr’

snr snrp—snr Zz:|

where the equalities follow from: a) linearity of expectation

and the fact that Z and X are independent; and b) since

E[e%}%zz} — [ and E zzeﬂz?%zz} _ (sm)*2
snr

snr
snr

Jerro(14snn) in order to minimize the

and by choosing a =

expression in a).*

V. BOUNDS ON THE MMPE

In this section we develop bounds on the MMPE, many
of which generalize well known MMSE bounds. However, we
also show bounds that are unique to the MMPE and emphasize
the usefulness of the MMPE.

A. Extension of Basic MMSE Bounds

An important upper bound on the MMSE often used in
practice is the LMMSE.
Proposition 9 (LMMSE [9]): For any input X and snr > 0

1
X, snr) < —. 37
mmse(X, ) < o (37a)

4Note that this optimal a is evident from the specific change of measure
that we have used. Instead of having the estimator according to Proposition 3

+/snr snr

aS Trsnr snrg -

we get it with the normalization by
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If IX|3 = 0% < oo, then for any snr >0
0.2
mmse(X,snr) < ———, 37b
( )= 1+ o2snr (370)

where equality in (37b) is achieved iff X ~ N (0, o).

The next bound generalizes Proposition 9 to higher order
errors.

Proposition 10: For snr >0, 0 < g < p, and input X

1

ngf mmpeg (X, snr, g) < mmpe(X, snr, p)

IX — E[X|Y]II},

=
=

(38a)

and where

[ 1Z1;
for p=2: IIX—E[XIY]IIZSZ”mm( =L IX1
snrz

(38b)
for 1< p=2: [X—EXIYI]|}
11 p
(121, +n? 7 121)
< min 5 ,
snrz2
11 p
(X1, + 727 1XI2) | (380)
L —
for p>0: mmpe(X, snr, p) < min - Xl )
snr:2
(38d)

where ||Z||1; is given in (7).
Proof: See Appendix G. 0
It is interesting to point out that in the derivation of
the bounds in Proposition 10 no assumption is put on the
distribution of Z, and thus the bounds hold in great generality.
If Z is composed of independent identically distributed (i.i.d.)
Gaussian elements, then the moment ||Z||§ in Proposition 10
can be tightly approximated in terms of factorials as

n
—ZIP =
2gll I

n Pl _

(EIR)]

(39)

which is tight for even n and integer £.

It is not difficult to check that for p = 2 Proposition 10
reduces to Proposition 9. The reason that the bounds on || X —
E[X]Y]||, are only available for p > 2, while the bounds on
mmpe(X, snr, p) are available for p > 0, is because the proof
of the bound in (38b) uses Jensen’s inequality, which requires
p > 2, while the proof of the bound in (38d) does not.

B. Gaussian Inputs Are the Hardest to Estimate

Note that the bounds in Proposition 10 are similar to the
bound in (37a) and blow up at snr = 0. Therefore, it
is desirable to have bounds as in (37b). The next result
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demonstrates such a bound and shows that Gaussian inputs
are asymptotically the hardest to estimate.

Proposition 11: For snt > 0, p > 1, and a random
variable X such that |X||}, < aP||Z|}, we have

o?||Z]},
mmpe(X, snr, p) < Kpo2snr” ————— 5. (40a)
(1 +snrg?)2
where
1
for p=2: x;,gzsnrzl, (40b)
1 1+ +a2snr
for p#2: 1<k’ , <1
P = T gosnr
1
NI
V1 +a2snr
(40c)

Moreover, a Gaussian X with per-dimension variance ¢* (i.e.,
X ~ N(0, 02I)) asymptotically achieves the bound in (40a),
since limgnr— oo Kp.o2snr = 1.

Proof: See Appendix H. (]

C. Interpolation Bounds and Continuity

One of the key advantages of using the MMPE is that
the MMPE of order g can be tightly predicted based on the
knowledge of the MMPE at lower orders p and higher orders
r. At the heart of this analysis is the interpolation result of L,
spaces [42] glven 0<p=<g<randae€(,1)such that

3 =2 + , the g-th norm can be bounded as

IVig < IVI%IVIE—, (41)

which implies that the norm is log-convex and thus a contin-
uous function of p [43, Th. 5.1.1]. Next, we present several
interpolation results for the MMPE.

Proposition 12 (Log-Convexity and Interpolation): For any
0<p=<qg=<r<ooanda € (0,1) such that

1 o o gl —r!
— =t - =S a= I» (42a)
q9 p T p o —r
where a. = 1 — a, we have for any measurable f(Y)
IX = FV)llg < IX = FOOI% X = fFOY)IF. (42b)
In particular,
IX — EIX[Y]ll, < IX —EIX[Y]|% IIX — EIX[Y][Z. (420)
Moreover,
1 _
mmpe¢ (X, snr, ¢) < ir}f IX = FODIGIX = £ (42d)

In particular,
1 a
mmpe? (X, snr, g) < X — f-(X|Y)[|; mmper (X, snr,r),
(42e)

1 a —
mmpe (X, snr, ¢) < mmpe? (X, snr, p)[X — f,(X[Y) 7.
(42f)
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Proof: The bound in (42b) follows by applying (41) with
= [ X— f(Y)]| € R. The bound in (42c) follow by choosing
F(Y) = E[X|Y].
The bound in (42d) follows by

1
mmpeg(X, snr, q) = ll}f ”X - f(Y)”q

IA

ir}f IX = FOOIGIX = £, (43)

where the last inequality follows from (41) by choosing V =
IX - f(V)ll € R.

Finally, the bounds in (42e) and (42f) follow by choosing
f(Y) in (42d) equal to f,(X]Y) and f,(X]Y) respectively.
This concludes the proof. 0

From log-convexity we can deduce continuity.

Proposition 13 (Continuity): For any X and snr > 0,
mmpe(X, snr, p) and | X—E[X|Y]|, are continuous functions
of p> 0.

Proof: Continuity of [ X — E[X]|Y]||, follows from log-
convexity in (42c) while the continuity of MMPE follows from

lim [mmpe(X, snr, p) — mmpe(X, snr, q)|
q=p

= Jim max (IIX — faXIYV)Ip — IX = fXIY) g,
IX — £ XIV)IlG — 11X — fp(XIY)IIZ) =0,

where the last inequality is due to the continuity of the norm.

O

An interesting question is whether the following interpola-
tion inequality holds:

1 a a
mmped (X, snr, g) < mmper (X, snr, p) mmper (X, snr, r)
(44)

instead of (42e) and (42f). A counter example to the inter-
polation inequality in (44) is shown in Fig. 2 where we take
a binary input X € {£1} equality likely, p = 2,7 = 8, and
snr =1 and show:
o The MMPE of X of order g versus a € [0, 1] where ¢
is computed according to (42a) (blue-solid line);
o The interpolation bound in (42e) (purple dashed-dotted
line);
o The interpolation bound in (42f) (yellow solid-dotted
line);
o The interpolation bound in (42d) with f(Y) =
Sfrer (X]Y) (green dashed line); and
« The right-hand side of the conjectured inequality in (44)
(red-dotted line).

This shows that (44) is not true in general.

D. Bounds on Discrete Inputs

Next, we investigate properties of the MMPE under the
assumption that the input is a discrete r.v. Discrete inputs
are commonly encountered in practice and, therefore, it is
worthwhile to investigate their performance.
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T T T
——MMPE(X,snr,q)
........ Conjectured Bound

Interp. a)

1l —=-==Interp. b)

— — Interp. c)

Fig. 2. Interpolation bounds from Proposition 12 and the conjectured bound
in (44) versus a. Clearly the conjectured bound is below the true MMPE
thus (44) cannot be true.

Proposition 14: Let Xp be a discrete rv. with
Isupp(Xp)| = N and P[Xp = x;] = pi for x; € supp(Xp).
Then for any Xp : R" — supp(Xp)

dP (X
mmpe(Xp, SNnr, p) < MPE(’Z)(SHI’), (45a)
n
where
P (snr) = P[Xp # Xp(Y)], (45b)
dmax(Xp) = max Ix; —x;]l. (45¢)

x;j,x;esupp(Xp)

Proof: The proof follows by upper bounding the MMPE
with the probability of detection error. Consider

nmmpe(Xp, snr, p)

< E[IXp - X0 ()1’

= E[IXp = Xo(M)I” | Xp = Xp(Y) | PIXp = Xp(V)]
+E[IX0 —XpW)I” [ Xp # Xp(Y) | PXp # Xp(Y)]

2 E[IXp — X0 | Xp # Xp(V)] PIXp # Xp (V)]

c) S
< db, (Xp)PXp # Xp(Y)],

where the (in)-equalities follow from: a) choosing
a suboptimal estimator; b) using the fact that

E[IXp = XpW)I” | Xp =Xp(¥)] = 0; and o) using

a bound [|Xp — XD(Y)” = MaXx; x;esupp(Xp) Ix; — x|l =
dmax (Xp). This concludes the proof.
So far, by using Proposition 10, we have shown that the
P P_y
% . Next
snr2
we show that the MMPE can decrease exponentially in snr
by choosing Xp(Y) to be the maximum a posteriori (MAP)
decoder. Such behavior has been already observed for the

MMSE in [17] and [44].

MMPE as a function of snr decreases as O
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Proposition 15: Let Xp be a discrete rv. with
|Supp(XD)| = N and P[XD =x;] = Di for X; € SUpp(XD)
then:

mmpe(Xp, snr, p)

Pj
db (Xp) < al Jenrd;;  log\5r
< max( D)Zpi z Q > o (1;)
" i=1  j=l:j#i v Snrdij
(46a)
where
dij = |Ixi — x;|. (46b)

Proof: See Appendix 1. 0
A slightly weaker bound than that in Proposition 15, yet
computationally simpler, can be derived by choosing X p(Y) to
be a threshold (or sphere) decoder. This weaker bound would
be used later on the mutual information in Section VIII-B.
Corollary 2: For any discrete rv. Xp

0 (n. snr dg]in(XD))
2 8
mmpe(Xp, snr, p) <dp,. (Xp) " ,

(47a)

where

dmin(Xp) = ig_r_lii;lj d;j. (47b)

VI. CONDITIONAL MMPE

We define the conditional MMPE as follows.
Definition 3: For any X and U, the conditional MMPE of
X given U is defined as

mmpe(X, snr, p|U) := [ X — f,(X|Ysnr, U)[[5.  (48)

The conditional MMPE in (48) reflects the fact that the

optimal estimator has been given additional information in the

form of U. Note that when Z is independent of (X, U) we can
write the conditional MMPE for X, ~ Pxju(-|u) as

mmpe(X, snr, p|U) = /mmpe(Xu, snr, p) dPy(u). (49)

Since giving extra information does not increase the esti-
mation error, we have the following result.

Proposition 16 (Conditioning Reduces the MMPE): For
every snr > 0, and random variable X, we have

mmpe(X, snr, p) > mmpe(X, snr, p|U). (50)
Finally, the following Proposition generalizes [11, Propo-
sition 3.4] and states that the MMPE estimation of X from
two observations is equivalent to estimating X from a single
observation with a higher SNR.
Proposition 17: For every X and p > 0, let U = /A -X +
Z A where Za ~ N(0,1) and where (X, Z,ZA) are mutually
independent. Then

mmpe(X, snrg, p|U) = mmpe(X, snrg + A, p). (51)
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Proof: ~ For two independent observations Ygnr, =
J/SnroX + Z and Yao = VAX + Zx where Zx and Z are
independent, by using maximal ratio combining, we have that

VA snro
str = —Ya+ 7str0
J/shnrp + A J/shnrg + A

= snrp + AX+ W,

where W ~ N(0, I). Next by using the same argument as in
[11, Proposition 3.4], we have that the conditional probabilities
are

PX|str0,YA (Xlysnry, Ya) = pxjy(X|ysnr) (52)

Nsun

for ysnr = o +A YA + Jontot A Ysnrp- The equivalence of the
posterior proba%lhtles 1mphes that the estimation of X from
Ysnr is as good as the estimation of X from (Ygnr,, Ya). This
concludes the proof. U

Propositions 17 and Proposition 16 imply that, for fixed X
and p

mmpe(X, snr, p) > mmpe(X, snr, p|vVAX + Z)

= mmpe(X, snr+ A, p), (53)

and we have the following:
Corollary 3: mmpe(X, Snr, p) is a non-increasing function
of snr.

VII. SCPP BOUND AND ITS COMPLEMENT

The SCPP is a powerful tool that can be used to show
the advantage of Gaussian inputs over arbitrary inputs in
certain channels with Gaussian noise. In conjunction with the
I-MMSE relationship, the SCPP provides simple and insightful
converse proofs to the capacity of multi-user AWGN channels.
The original proof of the SCPP in [9] and [10] relied on
bounding the MMSE. Next we give a simpler proof of the
SCPP that does not require knowledge of the derivative of
the MMSE and can easily be extended to the MMPE of any
order p.

First observe that, in light of the bound in (38d), for any
snr > 0 we can always find a # > 0 such that

2 BIZ|
mmpe? (X, snr, p) = 717,
per ( P) 1+ Bsnr
since
BIZI7, I1Z17
m .
p—oo 1 + ﬁsnr snr

Next we generalize the SCPP bound to the MMPE.

2 7|3
Proposition 18: Let mmper (X, snrg, p) = ﬁuﬁ—s”npro Jor
some > 0. Then
mm e%(X snr, p) <c w for snr > snr
p > 9p — %P 1+ﬁsnr’ - 0,
(54a)
where
2 >2
cp= { p= (54b)
1 p=2.
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Proof: Let snr = snrop + A for A > 0, and let YA =
V/AX + Zx. Then

VA snrp
Ysnr = ———==YA + ——=Ysnr,
/shnrg + A /snrg + A

= snrp+ AX+ W,
where W ~ A/(0, I). Next, let
2
m := mmpe7 (X, snro, p) = [IX — £, X[Ysnrp)[I5. (55
and define a suboptimal estimator given (Y, Ysnr,) as

o (=y)

X= 7a Ya +7fp(X|Ysnry), (56)
for some y € R to be determined later. Then
XX =5 (X~ f,(XYenry) “JK”ZA,

and
mmpe% (X, snr, p)

= IX — £, (X[Yenn)ll

DX = f,(X[Ya, Ysnry)ll

21X~ Ky = |y X — £ X Yemy) — L7

va T,
o 120X = Fo X)) = VA 2| -

1ZI2+ A -m
where the (in)-equalities follow from: a) Proposition 17; b) by
using the szub—optimal estimator in (56); and c) by choosing

I1Z15 .
W for m defined in (55).
Next, by applying the triangle inequality to (57) we get

1
mmpe? (X, snr, p)

IZI3 (X~ fpKXW¥em))| +[VE-m-Za|
= IZIZ + A -m
_ ml|Zlp - (Z]p + VA - J/m)
IZII5 + A -m
Z
< VmlZ (58)
JIZIZ + A - m
where in the last step we used (a + b) < v/2+/a2 + b2.

Note that for the case p = 2, instead of using the triangular
inequality in (58), the term in (57) can be expanded into a

quadratic equation for which it is not hard to see that the
1113

choice of y = —>—2—
I1Z]1%+A-m

is optimal and leads to the bound

VmlZllp

JIZIZ +A-m

m
IZ]3—snrom *
Remark 4: We conjecture that the multiplicative constant
¢p can be sharpened to 1 for all p > 1. However, in order to

1
mmpe? (X, snr, p) <

The proof is concluded by noting that f =
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make such a claim one must solve the following optimization
problem

min (1= )W + 72, (59)
where W and Z are independent and Z. ~ N(0,1). It is not
clear how to solve (59) for p # 2 and thus we leave it for the
future work.

Remark 5: Note that the proof of Proposition 18 does not
require the assumption that Z is Gaussian and only requires
the assumptions of Proposition 17. That is, we only require
that a channel is such that the estimation of X from two
observations is equivalent to estimating X from a single
observation with a higher SNR.

A. Complementary SCPP Bound

In this section we give a bound that complements the SCPP
bound, that is, while the SCPP bounds the MMPE for all snr >
snrp, we give a bound that bounds the MMPE for all snr <
snro where it is assumed that the MMPE is known at snr.

The next result enables us to bound the MMPE at snr with
values of the MMPE at snrp while varying the order.

Proposition 19: For 0 < snr < snrg, X and p > 0,
we have

1=t 141t
mmpe(X, snr, p) < k,,; mmpe= | X, snro, — 7)

where
t nt
n\ T 1 Y+ 2
Kn,t = 2 1—; >
Proof: From Proposition 8 we have that

snro — snr
 snrg

mmpe(X, snr, p)

. 1 snr snrp—snr z,} 72
=inf —E|||X — (Y P |2 e snrg i=1Z;
nf [n I a7 | e 0 }
a) snr 1 N
i f —_— E X— Y m-p m
inf oo (ELIX = f (Fonrg) I 7])
1
. (]E [e e s Z%D g
b) snr 1_4 1
=,/ m w (X, sNnro, m -
Snron mmpen (X, 0, 1M - p)

(1 r(snrg — snr))%

snry

(60)

where the (in)-equalities follow from: a) Holder’s inequality
with conjugate exponents 1 < m, r such that % + % = 1; and
b) by recognizing that the expectation of the exponential is
the moment generating function of a Chi-square distribution
of degree n, which exists only if %&im < %

Next, we let 1 = Sn';on;()snr and let r = % in (60), so that

m = % Observe that now the bound in (60) holds for all
values of snr < snrg since

r(snrg — snr) , t+r t+1 1
_— =yt =—=— < 1.

61
snry 2t 2 1)
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With the choice of m = % the bound in (60) becomes

mmpe(X, snr, p)

n
\/W (1 —r)snrg+rsnr\~2 1,
< nm
~ VY snrg snry

- (mmpe(X, SNro, m - p))

1=t 141
= kn,, mmpeT+ | X, snro, 1= )22 B

This concludes the proof. 0
The bound in Proposition 19 is the key in showing new
bounds on the phase transitions region for the MMSE, pre-
sented in the next section.
As an application of Proposition 19 we show that the MMPE
is a continuous function of SNR.
Proposition 20: For fixed X and p, mmpe(X, snr, p) is a
continuous function of snr > 0.
Proof: Assume without loss of generality that Snro > snr
snrli>nslnr0 I[mmpe(X, snr, p) — mmpe(X, Snro, p)|
a)

= Snrlgrémo mmpe(X, snr, p) — mmpe(X, snro, p)

b<) li i (X, snr. il
t _—
- snrgrslnro Kn,r TMPE > SNio, 1—1¢ p
—mmse(X, snrg, p)

2 mmse(X, snrg, p) — mmse(X, snrg, p) =0,

where the (in)-equalities follow from: a) since the MMPE is a
decreasing function of SNR and since snryp > snr; b) by using
Proposition 19; and c) by definition of ¢ in Proposition 19 we

have that limsnrﬁsnrol = 0 and limsnrﬁsnro kn,t = 1, and
by continuity of the MMPE in p from Proposition 13. This
concludes the proof. 0

VIII. APPLICATIONS

We next show how the MMPE can be used to derive tighter
versions of some well known bounds. It is important to point
out that even though the focus of this paper is on the AWGN
setting, the results that follow (Theorem 1, Theorem 2 and
Theorem 3) apply to any additive channel model in which the
noise is an absolutely continuous random variable, without the
need for the i.i.d. assumption.

A. Bounds on the Differential Entropy

For any random vector U such that |[Ky| < oo,
h(U) < oo, and any random vector V, the following inequality
is considered to be a continuous analog of Fano’s inequal-

ity [6]:
h(U|V)

IA

n 1
5 log(2ze |Kyv|™)

IA

% log(2re mmse(U|V)), (62)

where the inequality in (62) is a consequence of the arithmetic-
mean geometric-mean inequality, that is, for any 0 < A we

1 i i1 i Tr(A )
have used |A|7 = ([T, 4i)" < Z’T‘ = % where 2;’s
are the eigenvalues of A.
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By applying (62) to the AWGN setting, for any X such that
IKx| < 00, h(X) < 0o, by using Proposition 10 with ¢ = 1,
we can arrive at the trivial bound: for any p > 2

2— 1
hX|Y) < %mg (27re n 7 - mmpe? (X, snr, p)). (63)

Next, we show that the inequality in (62) can be generalized
in terms of the norm in (5), and the trivial bound in (63) can
be improved.

Theorem 1: For any U € R" such that h(U) < oo and
IUll, < oo for some p € (0,00), and for any V € R", we
have

h(UIV) < 5 log (kn, n? - mmpe? (U[V: p)) (64)
where
1
JT(B)7erra (” + 1)

L P
kn,p = 1 . (65)

Ln(5+1)
Proof: See Appendix J. U

Note that the result in Theorem 1 holds in great generality,
i.e., the AWGN assumption is not necessary. As an application
of Theorem 1 to the AWGN setting we have the following
stronger version of the inequality in (63)

2 2
h(X]Y) < %log (k,zl,p -n? -mmpe” (X, snr, p)).

B. Generalized Ozarow-Wyner Bound

n [37] the following “Ozarow-Wyner lower bound” on
the mutual information achieved by a discrete input Xp
transmitted over an AWGN channel was shown:

[H(Xp) —gap]" < I(Xp:Y) < H(Xp), (66a)
ap < 11 e
92p = 510z ()
1 Immse(X, snr)
+ > log (1 + 7dmin(XD)2 ), (66b)

where Immse(X, snr) is the LMMSE.

The advantage of the bound in (66) compared to existing
bounds is its computational simplicity, and the bound has been
shown to be useful for problems such as two-user Gaussian
interference channels [45], [46], communication with a distur-
bance constraint [13], energy harvesting problems [47], [48],
and information-theoretic security [49].

The bound on the gap in (66) has been sharpened in [45,
Remark 2] to

gap < 1o (%) + Lo (Hw)
2%\ )T dmin(Xp)2 )"
since Immse(X, snr) > mmse(X, snr).

Next, we generalize the bound in (66) to discrete vector
inputs and give the sharpest known bound on the gap term.

Theorem 2 (Generalized Ozarow-Wyner Bound): Let Xp
be a discrete random vector with finite entropy, such
that p; = P[Xp = x;], and x; € supp(Xp). Moreover,
for any p > 0 let K, be a set of continuous random
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vectors, independent of Xp, such that for every U € ),
h(U), U], < oo, and

supp(U + x;) Nsupp(U +x;) = 4,

Vx;, Xx;€supp(Xp), i #j. (67a)
Then for any p > 0
[H(Xp) —gap,]* < I(Xp:Y) < HXp),  (67b)
where
n~'gap, < 1nf (G1,,(U,Xp) + G2, (1)),
p
U+Xp — f,XplY
L U.Xp) = (n +Xp — /,(Xp| >||p)
U1l
(67¢)
forp=>1 mmpe% (Xp, snr, p)
= log )
U1l
(67d)
1
_ kn,p ne - ||U||p
G2, = log| p (67¢)
Proof: See Appendix K. 0

It is interesting to note that the lower bound in (67b)
resembles the bound for lattice codes in [50, Th. 1], where
U can be thought of as dither, G2, corresponds to the log of
the normalized p-moment of a compact region in R", G,
corresponds to the log of the normalized MMSE term, and
H (Xp) corresponds with the capacity C.

In order to show the advantage of Theorem 2 over the orig-
inal Ozarow-Wyner bound (case of n = 1 and with LMMSE
instead of MMPE), we consider Xp uniformly distributed
with the number of points equal to N = [+/1 4+ snr], that
is, we choose the number of points such that H(Xp) ~
%log(l + snr). Fig. 3 shows:

« The solid cyan line is the “shaping loss” 3 5 log ( ) for a
one-dimensional infinite lattice and is the hmltmg gap if
the number of points N grows faster than /snr;

o The solid magenta line is the gap in the original Ozarow-
Wyner bound in (66); and

o The dashed purple, dashed-dotted blue and dotted green
lines are the new gap due to Theorem 2 for value of

p = 2,4,6, respectively, and where we chose U ~
U dmin(xp)  dmin(X p))
T2 T2 I

We note that the version of the Ozarow-Wyner bound in
Theorem 2 provides the sharpest bound for the gap term.
An open question, for n = 1, is what value of p provides the
smallest gap and if that coincide with the ultimate ‘“shaping
loss™.

Next we turn our attention to the case of n > 1. Another
interesting question is how the gap behaves as n — oo.

Theorem 3: Let U be uniform over the ball of radius r =
M. Then for any p > 0

0 (l log (n)),
n

G2,p(U) = (68a)
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Fig. 3. Gap in equation (66a) and (67) vs. snr.

and therefore lim,_, o G2,,(U) = 0. Therefore,

1 1 1
;H(XD) > ;I(XD§ Y) > ;H(XD) - G1,,(U,Xp)

-0 (% log (n)), (68b)

where
eG1.p(U.Xp)
foriz 1 2dmax(XD) » (P + n) Q E Snrdr%lin(XD) )
- dmin(XD) n 2 8
(68¢c)
Proof: See Appendix L. U

For recent applications of the bound in Theorem 2 to
non-Gaussian and MIMO channels the reader is referred
to [51]-[53], respectively.

C. New Bounds on the MMSE and Phase Transitions

The SCPP is instrumental in showing the behavior of the
MMSE of capacity achieving codes. For example, as the length
of any capacity achieving code goes to infinity, the MMSE
behaves as follows:

1
Trenr> 0 =snr<snrg
lim sup mmse(X, snr) = TFgsnr» SNfo =< sNr < snry
n—o0
b
THysar> SNr=snry,

(69)

as shown: in [14], for the Gaussian point-to-point channel with
the output Ygnr, with f =y = 0; in [15], for the Gaussian
BC with outputs Ysnr, and Ygnr,, where snrgp < snry and

rate pair (R, Ry) = (% log(1 4 Bsnry), 4 log (11:;;}:?0)) for
some f € [0, 1], with y = 0; in [15], for the Gaussian wiretap
channel with outputs Ygnr, (primary) and Ysnr, (eavesdropper)
with maximum equivocation Dpax and rate R > Dy,
for f = y = 0; and in [12], for the Gaussian point-to-
point channel with output Ysnr, and an MMSE disturbance
constraint at Ygnr, measured by mmse(X, snrp) < H—ﬁ"%ro for

some S € [0, 1] with y = f. The jump discontinuities in (69)
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at snr = snro and snr = snr; are referred to as the phase
transitions.

Based on the above, an interesting question is how the
MMSE in (69) behaves for codes of finite length. In [13],
in order to study the phase transition phenomenon for inputs
of finite length, the following optimization problem was pro-
posed:

Definition 4:

M, (snr, snry, f) := sup mmse(X, snr), (70a)
X

s.t. |X|3 < 1, and mmse(X, snro)

<7 (70b)
1 4 psnry
for some f € [0, 1].
Investigation in [13] revealed that M,,(snr, snrg, /) in (70a)
must be of the following form:

1

M, (snr, snrg, ) = { T,(snr, snrg, ), shry < snr < snry
_B
e snro < snr,

for some snry and some function 7, (snr, snry, #), where the
region SNr;, < snr < snry is referred to as the phase transition
region and its width is defined as W (n) := snro—snry. In [13]
the following was established for 7, (snr, snrg, ) and W (n):

1 1
X, snr) < X, snr ———),
mmse ( ) < mmse( 0) + Ky (snr snro)
where x, <n+2, (71)
and the width of phase transition region scales as

W(n) =0 (n7").

The main result of this subsection is shown next. It uses
Propositions 19 and Proposition 12.

Theorem 4: For 0 < snr < snry,

yr=2

. ﬂ r—=2
X, snr) < Vs R — , 72
mmse( )= irilém(r 7 (1 + psnr (720
where y = anonism € (0,1], and
n(l—y)—1
2 1 2 2(1—-y)
k(r,y,n) = { (j) M, "%, (72b)
nt=7 y
. S 7/ -
My = | X = E[XYsnr ][, = 2" min | —7, IX]7 ),
snrg
(72¢)

and where the minimizing r in (72a) can be approximated by

Topt

4e
~ 21n (snrommse(X,snro)) 4

>

4e
= In (snrommse(X,snro))

4
> In (snrommse(X,snro) )
(72d)

= [

Moreover, the width of the phase transition region scales as

W(n) = 0 (n—%). (72¢)
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Proof: From the SCPP complementary bound in Propo-
sition 19 with p = 1 we have that

1=t 141
mmse(X, snr) < x, ; mmpe 1+ (X, snry, 11—

. 2). (73)

From the interpolation result in Proposition 12 letting ¢ = %—f;

2, p = 2 we have that for some r such that2§2%=q <r
and
211_t -3 T
e i e (74)
2 r

and thus the MMPE term can be bounded as

1=t 14t
mmpe '+ | X, snry, 1= 2

< mmpe® (X, snro, 2)[1X — E[X]|Ysnr, [I20 7
= mmse* (X, snro)|[|X — E[X|Ygnr, |12~

2r L

= mmse” (X, snro) | X — E[X]|Ysnr, ]|l .

I+t

oy 1L
By Proposition 10 we can bound || X — I[-E[Xlenro]Hrr"2
as follows:
41 4t

1 (1ZI; LR
IX — EIXYsnro I, < (2’ mm( LI .
snr2

_ 1t
= 13 and

By putting all of the bounds together, letting y
observing that

1 . 2t
P
_ snr
’= 2snrg — snr’
snrp 1+
snr 2y

we get the bound in (72a). Finally, the proof of approximately
optimal r in (72d) is given in Appendix M. (]

The bounds in Theorem 4 and in (71) are shown in Fig. 4.
The bound in Theorem 4 is asymptotically tighter than the one
in (71). This follows since the phase transition region shrinks
as O (ﬁ) for Theorem 4, and as O (%) for the bound in (71).
It is not possible in general to assert that Theorem 4 is tighter
than (71). In fact, for small values of n, the bound in (71)
can offer advantages, as seen for the case n = 1 shown in
Fig. 4b. Another advantage of the bound in (71) is its analytical
simplicity.

D. Bounds on the Derivative of the MMSE

The MMPE can be used to study the second derivative of
mutual information (or first derivative of MMSE), as initiated
for n =1 in [9] and for n > 1 in [10], namely,

d*1(X,Y) d mmse(X, snr)
=n
dsnr? dsnr
- _Tr (E [Covz(X|Y)]),

Cov(X]Y) := E [(X —EX|Y])(X — IE[X|Y])T|Y]. (75)
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The second derivative of mutual information is important in
characterizing the bandwidth-power trade-off in the wideband
regime [54] and [55], and has also been used in the proof of
the SCPP in [9] and [10]. Moreover, in [9] it has been shown
that the derivative of the MMSE and the quantity in (13) are
related by the following bound for n = 1:

4

3.2
E[Cov’(XIY)| < I1X —ELXIYII} <

(76)
The main result of this subsection is the next bound.
Proposition 21: For any input X

mmse? (X, snr)
= mmpe? (X, snr, 2)

1
< Tr (E [COVz(X|Y)]) < n mmpe(X, snr, 4). (77)

n
Proof: See Appendix N. 0

It can be observed that, for the case n = 1, by using the
bound in (38b) from Proposition 10 we have that

3
E [COVZ(X|Y)] < mmpe(X, 1. 4) < 5. (78)

which significantly reduces the constant in (76) from 3 - 2* to
3. For a similar but slightly different bound than that in (78)
on E [Cov?(X|Y)] please see [13].

IX. CONCLUDING REMARKS

This paper has considered the problem of estimating a
random variable from a noisy observation under a general
cost function, termed the MMPE. We have shown that many
properties of the MMSE and the conditional expectation (i.e.,
optimal MMSE estimator) are identical or have a natural
generalization to the MMPE and the MMPE optimal estimator.

We have also provided a new simpler proof of the SCPP
for the MMSE and generalized it to the MMPE. We have
shown that the new framework of the MMPE also permits the
development of bounds that are complementary to the SCPP
which in turn allows for new tighter characterizations of the
phase transition phenomena that manifest, in the limit as the
length of the capacity achieving code goes to infinity, as a
discontinuity of the MMSE as a function of SNR.

We have also shown connections between the MMPE and
the conditional differential entropy by generalizing a well
know continuous analog of Fano’s inequality. The MMPE was
further used to refine bounds on the conditional entropy and
improve the gap term in the Ozarow-Wyner bound.

Currently, we are investigating the connections between
bounds on the MMPE provided in this work and the rate dis-
tortion problem with the MMPE distortion measure. Possible
future applications of the sharpened version of the Ozarow-
Wyner bound include sharpening the bounds on discrete inputs
in [56] and [57]. Another interesting future direction is to
consider a modified ‘information bottleneck problem’ [58]
where the constraint on the mutual information is replaced
by a constraint on the MMPE.
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APPENDIX A
PROOF OF PROPOSITION 1

For simplicity, we look at the case n = 1. The case for
n > 1 follows similarly. We first assume that snr > 0. The
first direction follows trivially:

inf E[1X = FI7] < E[IX = f,(XII"].
The other direction follows by using
fE[1X = f()P] = B [ir}fE (X = F)17| y]}

where we focus on the inner  expectation
inf y £ [lX —fMIP|Yy = y] and show that the infimum
is achieved by f(y) = f,(X|Y = y) given in (14). Since y
is now given, we are simply looking for an optimal solution
to the more general problem

inf E[|X, —0|”], 79
inf B[], ~o|’] 19)
where X, ~ px|y(-|y). The goal is to show that the infimum
in (79) is achievable. Clearly, the infimum exists since

0 < inf B[|x, —o]’] < E[x, 0[]
veR

= E[|X,|’] <00,  (80)

where the last inequality follows from [9, Proposition 6] which
asserts that for any p < oo, X, is a sub-Gaussian random
variable and hence all conditional moments are finite.

Next, we show that g(v) = E[|X, —v|”] is a continuous
function of v. Recall, that any given function /(x) is contin-
uous if x, — x implies h(x,) — h(x) as n — oo.

For arbitrary |v| < oo take a sequence v, such that v, — v,
we want to show that

lim g(v,) = lim E[|Xy —v,,|p]
n—0o0 n—oQ
= E[ lim |Xy — z),,|p] =g ().
n—0o0

This can be done with the help of the dominated convergence
theorem. We must find an integrable random variable 6 such
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Bound Thm. 4, n=
Bound eq.(78),

Bounds on My (snr, snrq, £) vs snr. (a) For snrgp =5 and f = 0.01. Here n = 1. (b) For snro =5 and £ = 0.05. Several values of n.

that ‘Xy — vn’p < @ for all n; this is found as
Xy = 0a]” 227 (1X,17 + oal?)
b)
<27 (IX,1" + K) =0,

where the inequalities follow from: a) ]X y = vn]p <
(2max(|Xyl, [va]))? < 2P (|Xy|1’ + |v,,|p) which holds fo
any p > 0; and b) recall that every convergent sequence
is bounded and since the sequence v, converges to v it is
also bounded by some finite K for every n. The integrability
of § = 2° (|Xy|1’ + K) follows again by the sub-Gaussian
argument from [9, Proposition 6]. Therefore, we conclude that
the function g(v) is continuous.

Next, we show that the infimum is attainable by some
|vg| < co. By definition of the infimum there exists some v,
(not necessarily convergent) such that

.. . p
hnn_l)g(l)fEHXy — Pl = JEI%E[‘X) — v‘ ]
Towards a contradiction, assume that v, — oo. Then by
Fatou’s lemma
liminf E[| Xy — v,]”] > E[liminf | X, — v,|”] = oo.
n—0o0 n—00
However, this contradicts the result in (80) and therefore
sequence v, must be bounded. This, together with the fact

that g(v) is continuos, implies that the infimum is attainable
and thus

inf E[[X, —o|"] = minE[|X, —o["]. 8D
Therefore, for each y € R there exists |[v|] < K that

minimize the expression min,cr E [’X y—0 ’p ] Note, that the
optimizing v might not be unique and the set of optimal values
is given by

Sy = {v :min E[|X, —o|"]}.
= (o min B[[X, —o|’]
According to the Definition 2 we have that

fp(X|Y =y) = max{v : S,}
= max{v :milg IE[|X —o|P|Y = y]}. (82)
veE
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Note, that we have show that for every y the optimal value v
is bounded and therefore in (82) we can take the max instead
of the sup.

Moreover, as will be shown in Proposition 2, due to the strict
convexity of |-|? for p > 1 the optimizer is indeed unique and
can be given by

fr(X[Y =y) =argf)réiﬂr§1E[lX —o|P Y =y].

For the case of snr =07 the problem reduces to
inf | X —v],,
inf X — il

which is bounded if and only if ||X]|, < oco. This concludes
the proof.

APPENDIX B
PROOF OF PROPOSITION 2

We take a classical approach used in estimation theory
to find an optimal estimator by using tools from calculus
of variations [59, Ch.7, Th.1]. A necessary condition for f
to be a minimizer in (14) is expressed through a functional
derivative as

VLE[IX ~ f(D)I7]

o IX= (/YY) +egW) 1P = IX=fOIPT]
=1limE =0,
e—0 €
(83)
for all admissible g(Y).
Therefore, we focus on the following limit:
X—(f(Y Y)I? = I1X=fXY)|?
hn%E[n (fO) +esW) IP X = f(YV)] } 54
€—> €

We seek to apply the dominated convergence theorem to (84)
in order to interchange the order of the limit and the expecta-
tion. To that end we let v=x — f(y) and

Ix— fIr = (v'v) ",
and
Ix = (F @) + g 11"

= (v — g (v —eg¥)

(1S3

= (VTV —egv—evlgly) + 62g(y)Tg(y))
Next for the integrand
Ix = (f(y) +egy) II” = Ix— f(WI?

€

we observe that all the terms in (85) are of order no more
than p, and since all of the terms are in L, (or p integrable)
the quantity in (85) is integrable for any €. Therefore, the dom-
inated convergence theorem applies and we can interchange
the order of limit and expectation in (84).

Next, observe that we can re-write the limit as a derivative,
that is,

. Ix = (f(y) +egW)II” = Ix = fFMI”
61—13}) €

d

= ZlIx— (@) +es 17| .

(85)

(86)
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By using chain rules of differentiation of matrix calculus
we arrive at

d
Slx = (F@) +eg@n 17|

d
= = (= g v egw)

S

e=0
—1

s

= —p (v = eg@)" (v~ eg )
=—p Trz ! [VVT] vl g(y).
Therefore, the function derivative is given by

E [ IX— (f(¥) +eg(Y) I” — X — f(Y)Ilp}

€

(v —eg) 8|
(87)

lim

e—0

=E[-p- X~ fDOI"2X — f(0) gD
Finally, for f,(X]Y) to be optimal it must satisfy

E[IX = FOOIP 72X = f,(XIY) 5(¥)| = 0.

for any admissible g(Y). This verifies the necessary condition
for optimality for p > 0.

To verify that this is a sufficient condition for optimality
we take the second variational derivative of E [|X — f(Y)|”]
and demonstrated that it is always positive for p > 1. The fact
that

d2
Sllx— (f0) + e I?| _ =0 for p= 1,
€ =0

follows since ||x — (f(y) + €g(y)) ||” is a convex function of
€ for p > 1.

This verifies the sufficient condition for p >
concludes the proof.

1 and

APPENDIX C
PROOF OF PROPOSITION 3

In Proposition 1 we let X, ~ px|y(-|y) and therefore have
to solve for all y

minE [| X, —0|”]. (88)
veR

. . . - Jsnry 1
We know that X, is Gaussian with Xy, ~ N ({3557 17sm7 )-

The optimization problem in (88) can be transformed into

- Z Jsnry P min,cg E[|Z — al?]
min — D =
veR J1+snr 1l+snr (1 +snr)?
(39)
where
+/snry
a=+14+snro— ———, 90
1+ snr 0)

and where Z ~ N(0, 1). Next, by taking the derivative with
respect to a in (89)

flla) = j—aE [1Z~-al’]=E [% 1z~ al”}

- E[—psign(z—aﬂz—av’*l], 1)
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where the interchange of the order of differentiation and
expectation in (91) is possible by Leibniz integral rule [60]
which requires verifying that for

d .
g(a,2) = —=lz—al” = —p sign(z —a) Iz = alP=', (92)

we have that |g(a, z)| < 6(z) where 6(z) is integrable. This
is indeed the case since

|p signz - a) |z = al”™" | < p27 (1P~ + a1 ") = 0(2).

Clearly, 6(z) is integrable, so the change of the order of
differentiation and expectation in (89) is justified.

Next, observe that for a fixed a the function g(z, a) in (92)
is a decreasing function of z for any p > 1 and in addition
g(z,a) is an odd function around z = a. Since f’(a) is an
average value of g(a, z) this means that the sign of f’(a) is
the same as the sign of a, that is, f'(a) > 0 if a > 0 and
f'(a) <0 if a < 0. Moreover, if a =0

fla=0)=F [—p sign(2) |Z|P—1] —0.

All this implies that a = 0 is a critical and a minimum point.
Therefore, the optimal @ = 0 for the optimization problem
in (89) and the optimal o for the original optimization problem
is found through (90) to be

A/snry
1+snr’

0=

Finally, we compute the mmpe(X, snr, p) for X ~ N (0, 1)

i Jsnr|F
mmpe(X,snr,p) = E||X — Y
pe( P) 1+snr
g [ x Jsnrz |¥
o l+snr 1+snr
- A p
) g z
14+ snr
I +1
n 22F(PT)
Jr(l+snni’

where the equalities follow from: a) follows since X and Z are
independent Gaussian r.v.’s and have an equivalent distribution
given by J% where Z ~ N(0, 1); and b) follows from (7)
by setting n = 1. This concludes the proof.

APPENDIX D
PROOF OF PROPOSITION 4

From Proposition 1 we have to minimize E[le — v|1’]
where X, ~ pxy(:]y). We have that the joint probability
density function of (X, Y) is given by

q 7(,\’*MX1)2
pxy(x,y) = me 7 o(x —x1)

1 —q _o-vsnm)?

+ e 2
V21

o(x — x2).
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Without loss of generality we assume that x; < xp. By using
Bayes’ formula we have that

E [|Xy - “|p]
(y—/5nrx))? - (y—+/30Fxy)?
N _plP Lo
_ |)C1 U| me 2 + |X2 U| me 2
pr(y)
(93)

The minimization of (93) with respect to v is equivalent to
minimizing

g) =alxi —v|” +|x2 —0|”,

where
(y—/5nrx))?
ge
a= .
(y—+/50rxp)2
(1-g)e 2

In piecewise form we can write g(v) as
a—x)P+ @0 —-x)P, x2=<0
a—x)P +(x2—0v)’, x1 <v <x2
a(.)C1—l))p+(X2—l))p, Uf.xl,

g(v) =

with the derivative of g(v) given by

ar( —x))P~ ' +r@ — x)P71,

ar(v — )61)1’71 —r(xp — 1))1’*1 ,

X2 <0
g'w) = X| <0 <X
—ar(x; — )PV —r(x2 —0)?7, v <xy,
94)
From (94) we see that for the regime x, < v the derivative is
positive and therefore the minimum occurs at » = x3. For the
regime v < x| we have that the derivative is always negative
so the minimum occurs at v = xj. For the regime x; < v < x3
the optimal v soves

g'w)=ap—x)’' = plr—0)’! =0,
that is,
1
ar-'x;+x
l) = 17.
ar1+1
Next, by comparing the three candidates for the minimizing v,
we have that
gl =x2) = alxa —x1|”,
g =x1) = |x2 —x1l”,

and

1
ar-'xy+ xa
S\v=—=x
ar-1 +1

1 p 1 P
ar-1x; 4+ xo ar-lx; 4+ xp
=alxj————| +|x2— ;
ar-t +1 ar1+4+1
P
a ar-!
= X1 — X2 + —- lx2 —x11?
(@r T + 1P (aP T + 1)
a
= |x2 —x1|”
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Since —+¢

(aP=T41)r-1
of g(v) occurs at

< min(l, a), we have that the minimum

1
_ ar-'x; 4+ xo

v= 1
arT +1
1 (y—v/ENrx )2 1 (y—/5nxp)?
g7 Te” 20-0  .x; 4+ (1 —q)7Te 20D . x,
- 1 (y—/snrx})? 1 (r—+/5Nxp)2
grTe 200 +(1—q)rTe 20D

95)

Therefore, the optimal estimator is given by the RHS
of (95).
Note, that for the case of p = 1 the function g(v) reduces to

g() =alx; —v|+ |x2 — v,

and the minimum occurs at

x;, a>1
L =
X2, a <1.
This implies that for p = 1 the optimal estimator is

xl’

XY =y)= -

frXIY =) [m, L

g (y—+/snrx)?
(1—q) U
—g) e

where a = This concludes the proof.

APPENDIX E
PROOF OF PROPOSITION 5

The key to deriving all of the claimed properties is the
expression of the optimal estimator in Proposition 1. We prove
next all the properties.

1) For 0 < X € R suppose that
0> vy, = fp(X|Y =y) =argminE[|X —0|”|Y = y],
v
then
1 — p = = —_ ,p =
minE[|X —olP|Y = y] = E[IX —o,|"|Y = )]
)
ZE[(X —vy)P|Y =]

b)

=E[X?lY =y], (96
where the (in)-equalities follow from: a) using the
assumption that X > 0 and vy, < 0 so X —v, > 0
and the absolute value is redundant; and b) by using the
assumption that X > 0 and vy < O then X — v, > X.
The expression in (96) leads to a contradiction since
it implies that vy, = 0 but by assumption », < O.
Therefore, v, = f,(X|Y = y) > 0. This concludes
the proof of property 1).

2) Next we show that f,(aX +b|Y) = af,(X|Y) + b. Let

vy = fp(X|Y =y) =argmin E[|X - v|”|Y =y],
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then

fp@X+blY =Yy)

= argminE —||aX +b— v||p’Y = y—
A\ L J
_p|P
— argmina” E [HX Y ’Y = y}
v a
~ AT -
a:)argm‘jnIE HX—va ‘Y:y

» avy +b
= afy(XIY =) +b,

where the equalities follow from: a) since scaling the
objective function does not change the optimizer; and
b) since the minimum is attained at y=b _ vy. This
concludes the proof of property 2).

3) Next, we show that f,(g(Y)|Y =y) = g(Y). Since,

fp(g(MY =y)
= argmin E[[|g(Y) — v|I”|Y =]

arg min / le®) — VI” pxiy (xly)dx

argmin [|g(y) — v|”
= g(y).

This concludes the proof of property 3).
4) Follows from property 3) by taking g(Y) = f,,(X]Y).
5) Observe that for the Markov chain X — Ysnr, = Ysnr
we have

pX|str0,str(X|ysnl'0, Ysnr) = DX Ysnr, (X|ySnr0). o7
By using Proposition 1 we have that
fp (X|str0 = Ysnry» Ysnr = YSnr)

= arg m]iRn E [”X —VII”Ysnr, = Ysnrg» Ysnr = YSnr]
veR"

= arg i | % = V17 PX1¥ar Y (6l¥ary Vo)X
v

arg min [ 1% = VI pxiv, (cl¥ary X
veR”

= arg min E [”X - V||p|str0 = }’snro]
veR”

= fp (X|str0 = }’snro)
where the equality in a) follows from (97).
6) See Fig. la for the counter example.
This concludes the proof.

APPENDIX F
PROOF OF THE BOUND IN PROPOSITION 8

We define
?snr = stro + Z/,

where Z/ ~ N'(0, o%I) with g2 = SO=SI g independent of

Ysnry, X and Z. Observe that f(snr and Ygnr have the same
SNR'’s and therefore

mmpe(X|Ysnr; p) = mmpe(X[Ysnr; p). (98)
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By performing a change of measure we have
n mmpe(X|Yenr: p) = inf & [IX — / (Vonr) "]

= ir}fE [I1X = f(Ysnr) 1" L(X, Ysnry)] »

where L(x,y) is given by
stnr|X(YIX)

1 e—%(y—anrOX)TﬁI(y—anrox)

1 e—%(y—4 /8nrox) T I(y—./SNFox) ’

L(x,y) =
PYenry X (¥]X)
Y Qr)"(1+02)
V@r)r
and thus

n mmpe(x|?snr§ P)

= inf B [IX = f (Vs LX, Yanr,)]

= inf

I V1402

= inf
f

= inf
f

This concludes the proof.

1
E [IIX — f(Ysnr)I7e?

1pTy7 1T 1
27'1z-17 H_”ZIZ:|

snr snrp—snr 7.,
ElIIX — Y Pe 2snrg
‘/snro [II S Ysnr)
snr snrg—snr
o E [ IX = £ (Ysnry)[|Pe M0
SNnro

s Zzzi|

APPENDIX G
PROOF OF PROPOSITION 10

A. Proof of the Bound in (38a)

The upper bound in (38a) follows from the fact that E[X|Y]
is in general a suboptimal estimator for a given p thus

1
mmpe(X, snr, p) < ~E[|IX — E[X|Y]||"].
n

The lower bound in (38a) for p > ¢ follows by

mmpe(X, snr, q)

na

where the inequality
q
and the concavity of (-)».

( 1
n§71

in a) follows from Jensen’s inequality

1 »
(—Eil}f]E[HX - f(X|Y)||”])

1

inf ~E[IX - fXIV)I]
1 2
inf B [IX ~ FX¥)17 |

1 q
H}f p (E[IX - fXIYV)IP])

q

q

mmpe(X, snr, p)) ! ,

B. Proof of the Bounds in (38b) and (38c)
We now proceed to the proof of the upper bounds in (38b)

and (38c). We have

1

IX — E[X|Y]||, 2 N
b) 1

S [

Jsnr

IZ — E[Z]Y]] »

(I1Z1p + IELZIYTIlp) s (99)
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where the (in)-equalities follow from: a) by using Lemma 1,
b) by using the triangle inequality which holds for p > 1.
Next, the term || E[Z|Y]]|,, can be further bound as follows:

n? |E[ZY]|, = E? :Tr% (E[ZlY]ET[Z|Y])]

- :
(Z E2[2i|Y1)
i=1

(Z E[Z,?|Y])2

i=1

2]

[Tr(ZZT)lY]],

1
Er

=
<l

INS

SIS

&=
Sl

E

-
SS]

Er|E

(100)

where the inequality in a) follows from using Jensen’s inequal-
ity. Depending on whether £ < 1 or £ > 1 we bound (100)
as follows:

1
for p>2: E7 [E% [Tr(ZZT)|Y]]

a
=

=

S =

E [E [Tr%(ZZT)W]]
—Er [Tr%(ZZT)]

1
=nr||Z|p,

. E7 [E% [Tr(ZZT)|Y]]

(101a)

2 gt [E [Tr(ZZT)lY]]
— E? [Tr(ZZT)]

= n2||Z]. (101b)

where the inequalities follow from: a) by using Jensen’s
inequality on a convex function x” for »r > 1; and b) by using

Jensen’s inequality on a concave function x” for r < 1.
By putting (99), (100) and (101) together we get

2|\ Zjlp,
for p > 2: |IX — E[X]Y < — 102a
p=2 | XIY]ll, < Ve ( )
1 1
1Z|, +n? 7|Z]>
forl <p<2: | X—-EX|Y < .
<p I (XIY]llp < NaT
(102b)

The second term in the minimum of (38b) and (38c¢) is
shown by assuming that | X]|,, is finite and by mimicking the
steps leading to the bound in (102). We have

for p = 1: X —E[X|Y]ll, = 2IX], (103a)
1_1
for 1 < p <15 [X—EXIYII, < (IX], +n2 " 7XI)).
(103b)

Taking the minimum, between (102) and (103) concludes
the proof.
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C. Proof of the Bound in (38d)
The first part of the bound in (38d) follows by choosing

fiy) = \/% in the definition of then MMPE, and hence
Y p
mmpe(X, snr, p) < | X —
+/snr p
! P
= —Zl}. (104)
snr2

The bound holds as long as ||Z||§ =E [(Z:’:l Ziz)%] is finite
which is the case for p > 0.

The second bound follows by choosing f(y) = 0 in the
definition of then MMPE, and hence

inf BITrE (X — £ (XIV) (X~ FXIY)] < E[Tr# (xx7)],
(105)
which holds for any p as long as E [Tr% (XXT)] exists.
The proof of the upper bound in (38d) is completed by

taking the minimum of the bound in (104) and (105). This
concludes the proof.

APPENDIX H
PROOF OF THE BOUND IN PROPOSITION 11

First we show that if ||X]|, < [|Z]|, then
I1Z15

mmpe(X, SNr, p) < kp snr——————-
(1+snr)2

(106)

/oty

1+4snr

Consider the following sub-optimal estimator f(Y) =

Jsnr Y
14+ snr

p

mmpe(X, snr, p) < | X —

p

J/snr 7
1 +snr

p

. 1
|1 +snr

X - vsnz|!
(1+ snr)?

(IXI1, + ~/snrl|Z]l )"
(14 snr)?

) (1+/snn)” 1z}

- (14 snr)?

IZ1

=Kpsnr————— >
(1 +snr)§

p

)
=

/\w

>

(107)

where

1+\/sn
VT+snr’

where the (in)-equalities follow from: a) triangle inequality and
scaling property of the norm; and b) by using the assumption
that [ X|[, < I Z]|,.

(108)

1
»
Kp.snr =
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Next, let X = ¢U. Then |X|, = [lcUll, < olZ]||, and
therefore ||UJ|, < ||Z]|,, so by using the bound in (106) we
have that

mmpe(X, snr, p) = mmpe(c U, snr, p)

) oPmmpe(U, o%snr, p)

b p
5) IZ1lp

p_____ " "F
(1+snre2)s

Kp.o2snr@

where the (in)-equalities follow from: a) by using the scaling
property of the MMPE in Proposition 6; and b) by using the
bound in (106).

Observe that the bound in (106) is achieved asymptotically
by using Xg ~ N(0, ¢%I) since by Proposition 3 and the
scaling property in Proposition 6 we have that

aP||Z]}
mmpe(Xg, snr, p) = ————.
(1 +snre?)2
This concludes the proof.
APPENDIX I

PROOF OF PROPOSITION 15

We seek to give an upper bound on Pe(”) (snr) in (45) for
the MAP decoding rule given by

X = argmax pxjy (Xm|y)

_ ly—/snmm |
= argmax p;,e 2
m

_ ly—/snmom |2
= argmax p;,e 2
m

: (lly vsnr Xm||2 1 )
= arg min +log— ).
m pm

To that end, let us denote the following events:

(ny Vs 2 gi)
pi)’

||y J/snr x,||2]

Eily) = {xk = arg min
m
for some k # i},

snrx 2
61y = [ Iy - ¢ il .
We have
P (snr) = P[X # X]
N A
= > piPIX # XX = x;]

i=1

N
= > piPIEY)X = xi]

N
< > D piPIE;(VIX = xi].

i=1 j#i

(109)
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Next we analyze P[&; ; (Y)|X = x;]

P&, (YV)IX = x;]

r 2 . w2
_p IZ]] +10g& . IZ + snr(x; — x;)| ]
L 2 pi 2
r 2
; snri|x; — x;
) P |log (&) - M > JsnrZ! (x; — xj)i|
L Di 2
r 2
- snrilx; — x;
Dp log (&) - M > J/snrx; — Xj||Z:|
L pPi
J/snrd;; i 1
99 ( P log (ﬂ) ) (110)
2 pi ) «/snrd;;
where the equalities follow from: a) expanding |Z +

2./snr(x; — x;)||%; b) using the fact that ZT (x; — x;) has the
same distribution as ||x; — x;||Z; and c¢) using the definition
dij = |Ix; — x|

Combining (109) and (110) concludes the proof.

APPENDIX J
PROOF OF THEOREM 1

Let Wy = Uy — g(v) where g(-) is a deterministic function
and Uy ~ pyjv(:|v). By [40, Th. 3] we have

1
n;HWV”p 1
T wa = Knp = i
JEVRCTS Ry v (3 +1)
(111)

where h.(-) is the differential entropy measured in nats.
Moreover, observe that he(Wy) = he(Uy — g(v)) = he(Uy)
due to the translation invariance of the differential entropy.
Therefore, by rearranging (111) and by using the translation
invariance of the differential entropy, we get

1 1
—he(Uy)log(e) < log (knp -n7[Wyl,).  (112)

1 1
where from (5) we have n?|Wy|, = E7[|U—g(V)
1”1V = V]. By taking the expectation on both sides of (112)
with respect to py(v) we arrive at

n"'he(UIV) log(e) = n~'h(U|V)

1 1

—E [log (kff,p n-—-E[U- g(V)||P|V])}
p n

1
ag) — log (k,l,ip n-
p

IA

E[E[IU- g<v>np|v]])

S|= S| =

1
— - log (kg,p -~ -E[JU- g(V)II”])

1
= 10g (knp <17 - U= gV,

where the inequality in a) follows from Jensen’s inequality.
Finally, since this bound holds for any deterministic function
g(+), to tighten this bound, and due to the monotonicity of
the log function, we may pick g(-) to be the optimal p-th
estimator of U. This concludes the proof.
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APPENDIX K
PROOF OF THEOREM 2

Let (U,Xp,Z) be mutually independent. By the data
processing inequality and the assumption in (67a) we have
IXp;Y) > IXp+U;Y)
=hXp+U)—-hXp +U|Y)
= HXp) +h(U) —hXp +U|Y). (113)

Next, by using Theorem 1, we have that the last term of (113)
can be bounded as

1
" h(Xp + UlY) < log (k,,,p | Xp+U— g(Y)||p).
(114)

Next, by combining (113) and (114) and taking g(Y) =
f»(X[Y) we have that

IXpyY) =

n~'gap, <

H(Xp) — gap,, (115)

inf (L U, X L U)),
I}EK( 1,p( D)+ 2,p( ))

U+ Xp — f,XIY)l
Gl,p(U» Xbp) = log ( U] - s
p
1
forp>1 mmpeﬁ (XD, snr, p)
< log(l + 1| )
p
1
kn,p-nr - U,
Gy,(U) = log . > (116)

enhe(U)

where inequality in (116) follows by the triangle inequality
which holds for p > 1.
Finally, the proof concludes by taking g(Y) = f,(X|Y).

APPENDIX L
PROOF OF THEOREM 3

To show that lim, .« G2, ,(U) = 0 we show that

1
tim S n” WUy _
n—00 eﬁhe(U)

First of all observe that using (111) in Appendix J

1
< kn,p : :lp : ||U||p
enhe(U)
Next, we show an upper bound. Note that if U is uniform over
a ball By(r) of radius r = dmin(Xp)/2 then

1

h(U) = log (Vol(Bo(r))) , (117)
where
n.n/2
Vol(By(r)) = ——r". (118)
(Bo(r)) REE
Moreover, the norm U can be upper bounded by
1 1 . :
1oy = ———5—— u? ) duidus---du
P n Vol(Bo(r)) J gy ; ' "
1 1 5 P
1L () i dien =
n Vol(Bo(r)) J By(r) n
(119)
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Therefore, by using (119) and (118)

1 1
knp 17 MUl _ k- T7 (3+1)
enh (U) \/E
ﬁ(%)ie%r%( +1)r%(2+1)

Next by using the Stirling’s approximation I'(x + 1) =
V2 x (’C—C)X + o(x) we have that

N7 1 (n 2en\7T [ 1\7
()G =) (o) o
n p p pe

and therefore

1 1
kn,p - ’1’” 101l < (27”1)”—}—0(1’1) asn 00
enhe(U) p
This shows that lim,_00 G2 ,(U) = 0. Next, we

show that lim,— . G1,,(Xp, U)

lim mmpe(Xp,snr, p)
=00 101,

bound in (47a)

0 by showing that
= 0. First, observe that by using the

1 snrd?.
dmax Q7 (%, g

1
mmpe? (Xp, snr, p) <

N
<=

and by using (8) we have that

1
mmpe? (Xp, snr, p)
10l

snrd2. (Xp)
dmax(XD)Qp( %D)

IA
=

= snrd2. (X
o (p+m0 (%; ke D’)

n

dmax (XD)
dmin (XD)

This concludes the proof.

(120)

APPENDIX M
ON FINDING THE OPTIMAL r IN
THE PROOF OF THEOREM 4

We must solve the following optimization problem:

rd—y)

yr2 G2
ming(r) = M 2 =) ,
r>2 NT—=
M = mmse(X, snry),
8
snry’

N:nF(%):ZF(%—i—l).
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Instead of optimizing g (r) we will focus on optimizing h(r) =
In(g(r)) where

( 2)/)1 G) — 2(1

In (F (n tr ))
2

Unfortunately, a closed form solution for the optimum

of (121) is difficult to find and instead we look for an

approximate solution. This is done by using Stirling’s formula
T'(x+ 1)~ 27x (£)". We have

n+r n—+r
r =T —1+1
(2) (2 +)

-7)

n = =)

1 (M) + In(N)

+2(1—y)

— (121)

=2

) r+n—2 5+5=
~ 2n(r+" )( 2 ) . (122
2 e
Now, we seek to optimize the following expression:
g(r)
2y -1) 2\ 52 2(’1_2”
r—2 — r+n—
M NT’—( o (25) ()
) LT ’
that is
h(r)
yr— r(d—y) 2(1=7)
~ 1 M 71 G) — —In(N
- In(M) + ——=In(G) = —— = In(N)
+ ron=2 209G+
2 r—2
2(1 - V)(z ) r n—2
In{= . 123
* ) f (2 T ) (123)

By taking the derivative of (123) with respect to r we get

1
/7
WO = 3T O
-2
f(r) = In(M) — In(v/2x G) + log(N) + o1
n—i—l1 n—2+r +r+n—2
_ n — —
2 2 2 2 2
~ In(M) — In(+v/27 G) + log(N)
n—+1 n—2 r
— | 1 — 124
;1o ( St ) 5 (124)
where in the last step we used the approximation

n+l1 n—2 r) a n+1
2 In (5= +3) In (52
is reasonable as n becomes large

~ 0 which

2+1)
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Solving f(r) = 0 in (124) we get that the approximate
solution is

o N0 RS
— = In [ ... A—
2 MNe's
1 8r (3)F
= In

snrommse(X, snro)2I" (4 + 1) T
ntl
8V 2x (%) 2
snrommse(X, snro)2, /27 5 ()

4e
=1In R
snrommse(X, Snry)
where in the last approximation we have used Stirling’s
formula.
Since, we have a constraint that r > % we set r to be
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n—2
2
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€

de 2 4e
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This concludes the proof.

APPENDIX N
PROOF OF PROPOSITION 21

First observe that
gWMX—ﬂmWW=ﬂ=EUX—HmeW=ﬂ.

(125)

We will need the following bounds on trace of A > 0 where
A E Rn Xn

lTr(A)2 < Tr(A%) < nTr(A)%. (126)
n

For the upper bound we have that
Tr (IE [Cov2 (X|Y)])
" :Tr (COVZ(X|Y))]
E :nTrz (Cov(X|Y))]
—E :nTrz (E [(X “EX|Y])(X — E[X|Y])T|Y])]
- :nEZ [Tr(x —EIX|Y)(X — IE[X|Y])T|Y]]
= E[#E? [IX — EIX|Y]|2Y]]

2
. 2
nGgEUX—ﬂwnwD

Y Y 2
—EﬁyEDm ﬂmmﬂ}

3 4
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[
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= nzmmpe(X, snr, 4),
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where the (in)-equalities follow from: a) since Cov(X|Y) > 0
and using the inequality in (126); and b) by using (125); ¢)
Jensen’s inequality; d) by using E[X] < E[X;] if X; < X»;
and e) law of total expectation.

For the lower bound

%Tr (E [COVZ(X|Y):|) - %IE [Tr (Covz(XlY))]
%IE [%Trz (Cov(X|Y))}

1

> —E*[Tr (Cov(X|Y))]
n

= mmsez(X, snr),

where the inequalities follow from: a) since Cov(X|Y) > 0
and by using the inequality in (126); and b) Jensen’s inequality.
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