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Abstract—This paper studies the capacity of an n-
dimensional vector Gaussian noise channel subject to the
constraint that an input must lie in the ball of radius R
centered at the origin. It is known that in this setting the
optimizing input distribution is supported on a finite number
of concentric spheres. However, the number, the positions and
the probabilities of the spheres are generally unknown. This
paper characterizes necessary and sufficient conditions on the
constraint R such that the input distribution supported on a
single sphere is optimal. The maximum R̄n, such that using
only a single sphere is optimal, is shown to be a solution of an
integral equation. Moreover, it is shown that R̄n scales as

√
n

and the exact limit of R̄n√
n

is found.

I. INTRODUCTION

We consider an additive noise channel where the input-
output relationships are give by

Y = X + Z, (1)

where X ∈ Rn is independent of Z ∈ Rn and where Z ∼
N (0, In). We are interested in finding the capacity of the
channel in (1) subject to the constraint that X ∈ B0(R) where
B0(R) is a ball centered at 0 of radius R, that is

max
X∈B0(R)

I(X;Y ). (2)

In general the capacity in (2) is an open problem and
only some special cases have been solved. In this work the
capacity in (2) will be characterized for all R that are smaller
than roughly

√
n.

a) Prior Work: For the case of n = 1 Smith in his
seminal work [1], using convex optimization techniques,
has shown that the maximizing distribution in (2) must be
discrete with finitely many points. In [2], for the case of
n = 2, the maximizing input distribution has been shown
to be supported on finitely many concentric spheres. The
generalization to an arbitrary n can be found in [3] and [4].

This paper can be considered as an n-dimensional exten-
sion of the work in [5] where, in the case of n = 1, a two
point input distribution uniform on ±R has been shown to
be optimal if and only if R ≤ 1.665, and a three point input
distribution on {−R, 0, R} has been shown to be optimal
if and only if 1.665 ≤ R ≤ 2.786. However, unlike the
approach in [5], the proof strategy used in this work relies
on very different methods (rooted in estimation theory) and,
for every dimension n, recovers an exact condition for the
optimality of an input supported on a single sphere.
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A number of works have also focused on deriving lower
and upper bounds on (2). The authors in [6] derived an
asymptotically tight upper bound on the capacity as R→∞
by using the dual representation of channel capacity. In [7]
the authors derived an upper bound on the capacity, by using
a maximum entropy principle under Lp moment constraints,
that is tight for small values of R. See also [7] and [8] for
asymptotically tight lower bounds on the capacity.

An interested reader is also referred to [9] where in
addition to the amplitude input constraint the authors also
considered an average power constraint on the input and
characterized the amplitude-to-power ratio of good codes.

b) Paper Outline and Contributions: The paper outline
and contributions are as follows:
1) Section II reviews some known facts about the optimal

input distribution in (2) (e.g., the support is given by
concentric spheres) and gives the definition of the “small
amplitude" regime as the regime in which a uniform
probability distribution supported on a single sphere is
optimal;

2) Section III, Theorem 2, presents our main result, which is
an exact characterization of the size of the small amplitude
regime;

3) Section IV, for an input distribution X uniformly dis-
tributed on a sphere of radius R, computes the output
distribution, the conditional expectation of the input X
given the output Y , the mutual information between X
and Y and the minimum mean square error (MMSE) in
estimating X from Y ;

4) Section V presents new conditions for the optimality of
the distribution on a single sphere. The new conditions
have an advantage of being easier to verify than the
classical conditions presented in Section II. The key
ingredients for the proof of the new conditions are the
change of sign lemma from [10], the I-MMSE relationship
[11] and the point-wise I-MMSE relationship [12]; and

5) Section VI concludes the paper by discussing connections
between maximization of the mutual information and
maximization of the MMSE (i.e., the theory of finding
least favorable prior distributions). In particular, we dis-
cuss conditions under which least favorable distributions
are also capacity achieving.

Due to space limitations, some of the proofs are omitted and
can be found in an extended version of this paper [13].

c) Definitions and Notation: We denote the (n − 1)-
sphere of radius r centered at the origin as follows:

C(r) := {x : ‖x‖ = r}.



The modified Bessel function of the first kind of order v
is denoted by Iv(x). We also use the following commonly
encountered ratio of Bessel functions:

hv(x) :=
Iv(x)

Iv−1(x)
.

We denote the distribution of a random variable X by PX .
Moreover, we say that a point x is in the support of the
distribution PX if for every open set O such that x ∈ O
we have that PX(O) > 0 and denote the collection of the
support points of PX as supp(PX).

At times it will be convenient to use the following
parametrization of the mutual information in terms of the
input distribution PX :

I(PX) := I(X;Y ).

We also define the following quantity that is akin to the
information density:

i(x, PX) :=

∫
Rn

1

(2π)
n
2

e−
‖y−x‖2

2 log
1

fY (y)
dy − h(Z),

where fY (y) is the output probability density function (pdf)
of Y induced by X ∼ PX and h(Z) is the entropy of
Gaussian noise. Moreover, note that

E[i(X,PX)] = I(PX).

The MMSE of estimating the input X from the output Y
will be denoted as follows:

mmse(X|Y ) := E
[
‖X − E[X|Y ]‖2

]
.

II. OPTIMIZING THE INPUT DISTRIBUTION

The optimal input distribution in (2) can be characterized
by using the method presented in [1] and its extension to the
complex channel (i.e., n = 2) given in [2]; see also [3] and
[4] for a detailed solution for any n ≥ 2.

Theorem 1. (Characterization of the Optimal Input Distribu-
tion) Suppose P ?X is an optimizer in (2). Then, P ?X satisfies
the following properties:

• P ?X is unique;
• P ?X is optimal if and only if the following two conditions

are satisfied:

i(x, P ?X) = I(P ?X), x ∈ supp(P ?X), (3a)
i(x, P ?X) ≤ I(P ?X), x ∈ B0(R); and (3b)

• the support of the optimal input distribution is given by

supp(P ?X) =

N⋃
i=1

C(ri), (3c)

where N <∞ (finite).

Note that for n = 1 the optimal inputs are discrete with
finitely many points. For n > 1 the optimal input probability
distributions are no-longer discrete but singular, however, the
magnitude of the optimal input distribution ‖X‖ is discrete
with finitely many points.
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Fig. 1: Comparison of R̄n and
√
n.

a) Small Amplitude Regime: In this paper the small
amplitude regime has the following definition.

Definition 1. Let XR ∼ PXR
be uniform on C(R). The

capacity in (2) is said to be in the small amplitude regime if
R ≤ R̄n where

R̄n := max{R : PXR
= arg max max

X∈B0(R)
I(X;Y )}. (4)

In words, R̄n is the largest R for which PX uniformly
distributed on C(R) is the capacity achieving distribution in
(2).

In this work we are interested in exactly characterizing the
maximum radius R̄n.

III. MAIN RESULT

The following theorem, which is the main result of this pa-
per, gives a complete characterization of the small amplitude
regime.

Theorem 2. (Characterization of the Small Amplitude
Regime) The input XR is optimal in (2) (i.e., capacity
achieving) if and only if R ≤ R̄n where R̄n is given as
the solution of the following equation:∫ 1

0

E
[
h2

n
2

(
√
γR‖Z‖)

]
+ E

[
h2

n
2

(
√
γR‖√γx+ Z‖)

]
dγ = 1,

(5a)

for any x such that ‖x‖ = R. In addition, it is sufficient to
take R ≤

√
n (i.e.,

√
n ≤ R̄n), and

lim
n→∞

R̄n√
n

= c ≈ 1.860935682, (5b)

where c is the solution of the following equation:∫ 1

0

γc2(
1
2 +
√

1
4 + γc2

)2 +
γc2(1 + γc2)(

1
2 +
√

1
4 + γc2(1 + γc2)

)2 dγ = 1.

(5c)

Note that Rn is given as the solution of an integral equation
in (5a) and (5c) and does not have an exact analytical form
and must be found using numerical methods. The evaluation
of R̄n up to n = 35 is shown on Fig. 1.

Remark 1. Recall that ‖Z + x‖2 in (5a) is distributed ac-
cording to the non-central chi-square distribution of degree n
with non-centrality parameter ‖x‖2; this fact becomes useful
when numerically computing R̄n.
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Fig. 2: The output pdf in (6) for n = 2 and R = 3.

IV. SOME ANALYTIC COMPUTATIONS

In this section for the input XR we compute the output
pdf, the mutual information and the MMSE.

Proposition 1. (Output Distribution) The pdf of the output
distribution induced by the input XR is given by

fY (y) =
Γ
(
n
2

)
e−

R2+‖y‖2
2

2π
n
2

In
2−1(‖y‖R)

(‖y‖R)
n
2−1

. (6)

For n = 1 using the identity I− 1
2
(x) =

(
2
πx

) 1
2 cosh(x) we

have that

fY (y) =
1

2

(
1√
2π

e−
(R+|y|)2

2 +
1√
2π

e−
(R−|y|)2

2

)
;

for n = 2 the output distribution is shown in Fig. 2 and is
given by

fY (y) =
e−

R2+‖y‖2
2

2π2

∫ π

0

e‖y‖R cos(θ)dθ; and

for n = 3 using the identity I 1
2
(x) =

(
2
πx

) 1
2 sinh(x) we have

that

fY (y) =

√
2

8π
3
2

1

‖y‖R

(
e−

(R−‖y‖)2
2 − e−

(R+‖y‖)2
2

)
.

Using the expression for the pdf in (6) we can now also
compute the conditional expectation E[X|Y ].

Proposition 2. (Conditional Expectation) For every R > 0

E[XR|Y = y] =
Ry

‖y‖
hn

2
(‖y‖R) . (7)

Proof: Using the identity between the conditional ex-
pectation and score function [14] we have that

E[XR|Y = y] = y +
∇yfY (y)

fY (y)
, (8)

and due to the symmetry of fY (y) we have that ∇yfY (y) =
y
‖y‖

d
d‖y‖fY (‖y‖) where

d

d‖y‖
fY (‖y‖) = −‖y‖fY (y) +RfY (y)hn

2
(‖y‖R). (9)

The proof of (7) is completed by combining (8) and (9).
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Fig. 3: The conditional expectation E [X1|Y = y] where
XR = [X1, X2] with R = 2.5 and where y = [y1, y2].

Remark 2. The proof of Proposition 2 relies on the fol-
lowing identity between the conditional expectation and the
output pdf [14]:

E[X|Y = y] = y +
∇yfY (y)

fY (y)
, (10)

in which the quantity ∇yfY (y)
fY (y) is commonly known as the

score function. The application of the identity in (10) con-
siderably simplifies the computation of E[X|Y ] as we do not
need to derive the conditional distribution PX|Y and only use
properties of the output pdf fY (y).

An example of the shape of the conditional expectation for
n = 2 is shown on Fig. 3.

The mutual information and the MMSE of XR are given
next.
Proposition 3. (MMSE and Mutual Information) For every
R > 0

I(XR;Y ) = R2 log(e) + log

(
21−n

2

Γ
(
n
2

))

− E
[
log

(
In
2−1(‖Z + x‖R)

(‖Z + x‖R)
n
2−1

)]
, (11)

and

mmse(XR|Y ) = R2 −R2E
[
h2

n
2

(R‖x+ Z‖)
]
, (12)

for any ‖x‖ = R.

V. A NEW CONDITION FOR OPTIMALITY IN THE SMALL
AMPLITUDE REGIME

In this section an equivalent optimality condition to that in
Theorem 1 is derived. The new condition has the advantage
of being easier to verify than the condition in Theorem 1.

The following lemmas would be useful in our analysis.
Lemma 1. The function x 7→ i(x, PXR

) is a function only
of ‖x‖.

The next lemma was shown in [10, Theorem 3].
Lemma 2. Let the pdf f(x, ω) be a positive-definite kernel
that can be differentiated n times with respect to x for all ω
and let h(ω) be a function that changes sign n times. If

M(x) :=

∫
h(ω)f(x, ω)dω, (13)



can be differentiated n times, then M(x) changes sign at
most n times.

Theorem 3. (New Optimality Condition) PXR
is optimal if

and only if for all ‖x‖ = R

i(0, PXR
) ≤ i(x, PXR

). (14)

Proof: Since by Lemma 1 i(x, PXR
) is a function only

of ‖x‖ let

g(‖x‖) := i(x, PXR
). (15)

The goal now is to show that the maximum of g(‖x‖) for
x ∈ B0(R) occurs either at ‖x‖ = 0 or ‖x‖ = R. This
would simplify the two conditions in (3a) and (3b) to only
one condition

g(0) ≤ g(R). (16)

In order to show this claim, we prove that the derivative of
g(‖x‖) makes only one sign change, and that sign change is
from negative to positive. Hence, g(‖x‖) has only one local
minimum and must be maximized only at the boundaries
‖x‖ = 0 and ‖x‖ = R.

Because g(‖x‖) depends on x only through ‖x‖, there is
no loss of generality in taking x = [x1, 0, ..., 0]. Consider the
derivative of g(x1) with respect to x1 which after integrating
by parts is given by

g′(x1) = −
∫
Rn

1

(2π)
n
2

e−
∑n

i=2 y2
i +(y1−x1)2

2 ρ(y)dy,

where

ρ(y) :=
d

dy1
log fY (y)

=
(
−‖y‖+Rhn

2
(‖y‖R)

) y1

‖y‖
:= M(‖y‖) y1

‖y‖
.

Next by transforming to spherical coordinates we have that

g′(x1) = −2x1

∫ ∞
0

M(r)e−
r2+x2

1
2

1

2

(
r

x1

)n
2

In
2

(x1r)dr

(17)

= −2x1E[M(V 2)], (18)

where V 2 is the non-central chi-square distribution with n+2
degrees of freedom and non-centrality x2

1.
Another fact which is not difficult to check is that for large

enough x1 the function g′(x1) is positive.
Next observe that in (17) the function

M(r) = −r +Rhn
2

(rR),

changes sign at most once for r > 0, which follows from
the fact that hn

2
(x) is increasing and concave (see [15])

and hn
2

(0) = 0. Hence, using Lemma 2 we have that for
x1 > 0 the function g′(x1) changes sign at most once,
and since g′(x1) > 0 for large enough x1, we conclude
that the sign change can only be from negative to positive.
Therefore, for x1 > 0 the function g(x1) has only one local
minimum, no local maxima, and g(‖x‖) is maximized only
at the boundaries. This concludes the proof.

Remark 3. Condition (14) significantly simplifies the nec-
essary and sufficient conditions for optimality in (3). For
instance, we do not have to verify the conditions in (3b)

for all x ∈ B0(R) and instead need only to check points
satisfying ‖x‖ = 0 and ‖x‖ = R.

Moreover, the condition in (14) implies that as we increase
R the new points of support cannot appear for 0 < ‖x‖ <
R and shows that a new probability mass, as we transition
beyond R̄n, can only appear at ‖x‖ = 0.

Next, we rewrite i(0, PXR
) and i(x, PXR

) in terms of esti-
mation theoretic measures which facilitates the computation
of R̄n.

Lemma 3. For every R > 0 and ‖x‖ = R

i(x, PXR
) =

1

2

∫ 1

0

E
[∥∥XR − E[XR|Yγ ]‖2 | ‖XR

∥∥ = R
]

dγ,

(19)

i(0, PXR
) =

1

2

∫ 1

0

E
[
‖XR − E[XR|Yγ ]‖2 | ‖XR‖ = 0

]
dγ,

(20)

where Yγ =
√
γXR + Z.

Proof: The proof of (19) follows by a symmetry argu-
ment and the I-MMSE relationship [11]

I(X;Y ) =
1

2

∫ 1

0

E[‖X − E[X|Yγ ]‖2]dγ. (21)

To show (20) we use the point-wise I-MMSE formula [12]

log
fY |X(Y |X)

fY (Y )
− 1

2

∫ 1

0

‖X − E[X|Yγ ]‖2dγ

=

∫ 1

0

(X − E[X|Yγ ]) · dWγ , a.s. (22)

where the integral on the right hand side of (22) is the Itô
integral with respect to Wγ . The proof of the representation
of i(0, PXR

) now goes as follows:

i(0, PXR
) = E

[
log

fY |XR
(Y |XR)

fY (Y )
| ‖XR‖ = 0

]
a)
= E

[∫ 1

0

‖XR − E[XR|Yγ ]‖2dγ | ‖XR‖ = 0

]
− E

[∫ 1

0

(XR − E[XR|Yγ ]) · dWγ | XR = 0

]
b)
= E

[∫ 1

0

‖XR − E[XR|Yγ ]‖2dγ | XR = 0

]
,

where the labeled equalities follow from: a) using the point-
wise formula in (22); and b) using the symmetry of XR to
conclude that E[E[XR|Yγ ]|XR = 0] = 0. This concludes the
proof.

VI. DISCUSSION

In this work we have characterized conditions under which
an input distribution uniformly distributed over a single
sphere achieves the capacity of a vector Gaussian noise
channel with a constraint that the input must lie in the n-
ball of radius R. We have also shown that the largest radius
R̄n for which it is still optimal to use a single sphere grows
as
√
n. Moreover, the exact limit of R̄n√

n
as n→∞ is found

to be ≈ 1.86.
A number of methods that we have used throughout the

paper relied on using estimation theoretic representations of
information measures such as the I-MMSE relationship. The
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path via estimation theoretic arguments allows us to contrast
optimization of the mutual information with that of a similar
problem of optimizing the MMSE, that is

max
X∈B0(R)

mmse(X|Y ). (23)

Distributions that maximize (23) are referred to as least
favorable prior distributions and have been shown to have
a spherical structure similar to that of the distributions that
maximize the mutual information; an interested reader is
referred to [16] and [17] and references therein. Moreover,
the condition for the optimality of a single sphere distribution
(i.e., the maximum radius R̄MMSE

n ) in (23) has been found in
[16] and [18] and is given by the solution to the equation:

E
[
h2

n
2

(R‖Z‖)
]

+ E
[
h2

n
2

(R‖x+ Z‖)
]

= 1, (24)

where ‖x‖ = R. It is pleasing to see the similarity between
the optimality condition for the MMSE in (24) and the
optimality condition for the mutual information in (5a). Note,
however, that (5a) could not have been derived directly from
(24) or vice versa.

It is also interesting to point out that that R̄MMSE
n is always

lagging behind R̄n as we increase n as shown in Fig. 4.
Notably this behavior persists even as n→∞ since for the
MMSE (see [16] and [19])

lim
n→∞

R̄MMSE
n√
n
≈ 1.1509, (25)

while for the mutual information according to Theorem 2

lim
n→∞

R̄n√
n
≈ 1.8609, (26)

The lagging of R̄MMSE
n behind R̄n also points out that the

following bounding technique, which relies on the I-MMSE,
results in a tight bound if R ≤ R̄MMSE

n and is not tight if
R̄MMSE
n ≤ R ≤ R̄n:

max
X∈B0(R)

I(X;Y ) = max
X∈B0(R)

1

2

∫ 1

0

mmse(X|Yγ)dγ (27)

≤ 1

2

∫ 1

0

max
X∈B0(R)

mmse(X|Yγ)dγ. (28)

Such a condition for tightness of the bound via the I-
MMSE relation was already pointed out in [20] for n = 1.
Interestingly for several multiuser problems [21]–[23], with
a second moment constraint on the input instead of an
amplitude constraint, such lagging vanishes as n → ∞ and

bounds via the I-MMSE of the type in (28) (i.e., where the
maximum and the integral are interchanged) are tight. The
fundamental difference is that in the aforementioned works
the Gaussian distribution is optimal in the limit of n, while
in (2) and (23) Gaussian inputs are not optimal as n→∞.
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