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Abstract—This paper focuses on variants of the bottleneck problem taking an information theoretic perspective. The intimate connections of this setting to:
remote source-coding, information combining, common
reconstruction, the Wyner-Ahlswede-Korner problem, the
efficiency of investment information, CEO source coding
under logarithmic-loss distortion measure and others will
be highlighted. We discuss the distributed information
bottleneck problem with emphasis on the Gaussian model
and highlight the basic connections to the uplink Cloud
Radio Access Networks (CRAN) with oblivious processing. For this model, the optimal tradeoffs between rates
(i.e. complexity) and information (i.e. accuracy) in the
discrete and vector Gaussian frameworks is determined.
In the concluding outlook, some interesting problems are
mentioned such as the characterization of the optimal
inputs (’features’) distributions under power limitations
maximizing the ’accuracy’ for the Gaussian information
bottleneck, under ’complexity’ constraints.

I. I NTRODUCTION
Let a measurable variable X ∈ X and a target variable
Y ∈ Y with unknown joint distribution PX,Y be given. In
the classic problem of statistical learning, one wishes to infer
an accurate predictor of the target variable Y ∈ Y based on
observed realizations of X ∈ X . That is, for a given class F
of admissible predictors φ : X → Ŷ and an additive loss
function ` : Y → Ŷ that measures discrepancies between true
values and their estimated fits, one aims at finding the mapping
φ? ∈ F that minimizes the expected risk
CPX,Y (φ, `) = EPX,Y [`(Y, φ(X))].

(1)

Because the joint distribution PX,Y is unknown, in practice
the risk (1) (also called population risk) cannot be computed
directly; and, in the standard approach, one usually resorts to
choosing the predictor with minimal risk on a training dataset
consisting of n labeled samples {(xi , yi )}ni=1 that are drawn
independently from the unknown joint distribution PX,Y . Also,
it is important to restrict the set F of admissible predictors to
a low-complexity class to prevent overfitting. This leads to the
abstract inference problem shown in Figure 1.
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Fig. 1. An abstract inference model for learning.

In this paper, we investigate the inference problem of
Figure 1 in the case in which the loss function `(·) is the
logarithmic-loss fidelity measure, given by
 1 
`log (y, ŷ) = log
(2)
ŷ(y)

where ŷ(·) designates a probability distribution on Y and ŷ(y)
is the value of this distribution evaluated for the outcome
y ∈ Y. The choice of a ‘good” loss function is often
controversial in statistical learning theory, and although a
complete and rigorous justification of the usage of logarithmic
loss as a fidelity measure in learning theory is still awaited,
partial explanations appeared in [1] and, especially in [2]
where it is shown that, for binary classification problems, by
minimizing the logarithmic-loss one actually minimizes an
upper bound to any choice of loss function that is smooth,
proper (i.e., unbiased and Fisher consistent) and convex. Also,
we constrain the complexity of the predictors by using mutual
information as a regularizer term. This is inline with recent
works [3], [4] that show that the generalization error can be
upper-bounded using the mutual information between the input
dataset and the output of the predictor – see also [5], [6] where
the stability of an algorithm is controlled by constraining the
mutual information between its input and output.

II. I NFORMATION B OTTLENECK
The Information Bottleneck (IB) method [7] elegantly captures the above mentioned viewpoint of seeking the right
balance between data fit and generalization (complexity) by
using the mutual information both as a cost function and as
a regularizer term. Specifically, IB formulates the problem of
extracting the relevant information that some variable X ∈ X
provides about another one Y ∈ Y which is of interest as hat of
finding a representation U of X that is maximally informative
about Y (i.e., large mutual information I(U ; Y )) while being
minimally informative about X (i.e., small I(U ; X)). The
solution of this problem can be found by solving a Lagrange
formulation. For example, the representation U that maximizes
I(U ; Y ) while keeping I(U ; X) smaller than a prescribed
threshold is the solution of the following Langrangian problem,
LIB (β) := max I(U ; Y ) − βI(U ; X)
(3)
PU |X ,PY |U
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where β designates the Lagrange multiplier. In the IB framework, I(U ; Y ) is referred to as the accuracy of U and I(U ; X)
is referred to as the complexity of U , where complexity is
measured here the minimum description length (or rate) at
which the observation is compressed. If the joint distribution
PX,Y is known, or can be approximated to high accuracy, a
Blahut-Arimoto [8] type iterative algorithm enables to compute near1 optimal accuracy-complexity mappings by iterating
over a set of self-consistent equations [7]. In the case in which
the joint distribution PX,Y is unknown, a variational inference
type algorithm in which the mappings are parametrized by
neural networks and the bound approximated by Markov
sampling and optimized with stochastic gradient descent can
be employed [9] – the approach makes usage of Kingma et
al. reparametrization trick [10].

A. Remote Source Coding
As already observed in [11], the IB problem is essentially a
remote source coding problem in which the distortion is measured under the logarithmic loss measure. More specifically,
let Y designate a memoryless remote source; and X a noisy
version of it that is observed at an encoder. The encoder uses
R bits per sample to describe its observation to a decoder
which is interested in reconstructing the remote source Y to
within an average distortion level D, i.e.,
(n)

Consider the problem of source coding with side information at the decoder, i.e., the well known Wyner-Ziv setting [14], with the distortion measured under logarithmicloss. Specifically, a memoryless source X is to be conveyed
lossily to a decoder that observes a statistically correlated side
information Y . The encoder uses R bits per sample to describe
its observation to the decoder which wants to reconstruct
an estimate of X to within an average distortion level D,
where the distortion is evaluated under the log-loss distortion
measure. The rate distortion region of this problem is given
by the set of all pairs (R, D) that satisfy
R + D ≥ H(X|Y ).

(4)

where the incurred distortion between two vectors y and ŷ is
given by
n
1X
(n)
`log (y, ŷ) =
`log (yi , ŷi )
(5)
n i=1

for which it is easy to see that
E[`log (X, ψ(U, Y ))] = H(X|U, Y ).

PU |X

(6)

where the minimization is over all auxiliary random variables
U that satisfy that U −− X −− Y forms a Markov Chain in
this order and
D ≥ H(Y |U ).
(7)
Noting that the average log-loss distortion constraint (8) is
equivalent to
I(U ; Y ) ≤ H(Y ) − D,
(8)
it is clear that the rate-distortion region of the aforementioned
remote source-coding problem under logarithmic loss and the
accuracy-complexity region of the IB method can be inferred
from each other.
1

While the BA algorithm is known to converge to the optimal
solution for, e.g., the problem of rate-distortion computation of standard point-to-point lossy compression, it only converges to stationary
points in the context of IB.

(11)

Now, assume that we constrain the coding in a manner
that the encoder be able to produce an exact copy of the
compressed source constructed by the decoder. This requirement, termed common reconstruction constraint (CR), was
introduced and studied by Steinberg in [15] for various source
coding models, including the Wyner-Ziv setup, in the context
of a ”general distortion measure. For the Wyner-Ziv problem
under log-loss measure that is considered in this section, such
a CR constraint causes some rate loss because the reproduction
rule (10) is no longer possible as it cannot be reproduced at
the sender. In fact, it is not difficult to see that under the CR
constraint the above region reduces to the set of pairs (R, D)
that satisfy

with the per-letter distortion defined as specified by (2). The
minimum achievable rate for which the distortion constraint
is met is given by [12], [13]
R = min I(X, U )

(9)

The optimal coding scheme utilizes standard Wyner-Ziv compression at the encoder and the decoder map ψ : U × Y → X̂
given by
ψ(U, Y ) = Pr[X = x|U, Y ]
(10)

III. C ONNECTIONS

E[`log (y, ŷ)] ≤ D

B. Common Reconstruction

R ≤ I(U ; X|Y )
D ≥ H(X|U )

(12a)
(12b)

for some auxiliary random variable for which U − − X −
− Y holds. Observe that (12b) is equivalent to I(U ; X) ≥
H(X) − D; and that, for a given prescribed fidelity level D,
the minimum rate is obtained for a description U that achieves
the inequality (12b) with equality, i.e.,
R(D) =

min

PU |X : I(U ;X)=H(X)−D

I(U ; X|Y ).

(13)

Because U −− X −− Y , we have
I(U ; Y ) = I(U ; X) − I(U ; X|Y ).

(14)

Under the constraint I(U ; X) = H(X) − D, it is easy to see
that minimizing I(U ; X|Y ) amounts to maximizing I(U ; Y ),
an aspect which bridges the problem at hand with the IB
problem.
In the above, the side information Y is used for binning but
not for the estimation at the decoder. If the encoder ignores
whether Y is present or not at the decoder side, the benefit
of binning is reduced – see the Heegard-Berger model with
common reconstruction studied in [16], [17].
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C. Information Combining
Consider again the IB problem. Say one wishes the find the
representation U that maximizes the accuracy I(U ; Y ) for a
given prescribed complexity level, e.g., I(U ; X) = R. For this
setup, we have
I(X; U, Y ) = I(U ; X) + I(Y ; X) − I(U ; Y )
= R + I(Y ; X) − I(U ; Y )

(15)
(16)

where the first equality holds since U − − X − − Y is
a Markov chain. Maximizing I(U ; Y ) is then equivalent to
minimizing I(X; U, Y ). This is reminiscent of the problem of
information combining [18], [19], where X can be interpreted
as a source information that is conveyed through two channels:
the channel PY |X and the channel PU |X . The outputs of these
two channels are conditionally independent given X; and they
should be processed in a manner such that, when combined,
they preserve as much information as possible about X.

D. Wyner-Ahlswede-Körner Problem
Here, the two memoryless sources X and Y are encoded
separately at rates RX and RY respectively. A decoder
gets the two compressed streams and aims at recovering Y
losslessly. This problem was studied, and solved, seperately
by Wyner [20] and Ahlswede and Körner [21]. For given
RX = R, the minimum rate RY that is needed to recover
Y losslessly is
RY? (R) =

min

PU |X : I(U ;X) ≤ R

H(Y |U ).

(17)

So, we get
max

PU |X : I(U ;X)≤R

I(U ; Y ) = H(Y ) − RY? (R).

E. Efficiency of Investment Information
Let Y model a stock market data; and X some correlated
information. In [22], Erkip and Cover investigated how the
description of the correlated information X improves the investment in the stock market Y . Specifically, let ∆(C) denote
the maximum increase in growth rate when X is described to
the investor at rate C. Erkip and Cover found a single-letter
characterization of the incremental growth rate ∆(C). When
specialized to the horse race market, this problem is related
to the aforementioned source coding with side information of
Wyner [20] and Ahlswede-Körner [21]; and, so, also to the IB
problem. The work [22] provides explicit analytic solutions for
two horce race examples, jointly binary and jointly Gaussian
horce races.

IV. D ISTRIBUTED I NFORMATION B OTTLENECK
Consider now a generalization of the IB problem in which
the prediction is to be performed in a distributed manner. The
model is shown in Figure 2. Here, the prediction of the target
variable Y ∈ Y is to be performed on the basis of samples of statistically correlated random variables (X1 , . . . , XK )
that are observed each at a distinct predictor. Throughout,
we assume that the following Markov chain holds for all
k ∈ K := {1, . . . , K},
Xk −− Y −− XK/k .

(18)

The variable Y is a target variable; and we seek to characterize
how accurate it can be predicted from a measurable random
vector (X1 , . . . , XK ) when the components of this vector are
processed separately, each by a distinct encoder.

Y ∈Y

PX1 ,...,XK |Y

φ1

·
·
·

XK

U1

ψ

φk

Yb ∈ Y

UK

Fig. 2. A model for distributed, e.g., multi-view, learning.

A. An example: multi-view learning
In many data analytics problems, data is collected from
various sources of information or feature extractors; and is
intrinsically heterogeneous. For example, an image can be
identified by its color or texture features; and a document
may contain text and images. Conventional machine learning
approaches concatenate all available data into one big row
vector (or matrix) on which a suitable algorithm is then applied. Treating different observations as a single source might
cause overfitting and is not physically meaningful because
each group of data may have different statistical properties. Alternatively, one may partition the data into groups according to
samples homogeneity, and each group of data be regarded as a
separate view. This paradigm, termed multi-view learning [23],
has received growing interest; and various algorithms exist,
sometimes under references such as co-training [24]–[27],
multiple kernel learning [27] and subspace learning [28]. By
using distinct encoder mappings to represent distinct groups
of data, and jointly optimizing over all mappings to remove
redundancy, multiview learning offers a degree of flexibility
that is not only desirable in practice but is likely to result in
better learning capability. Actually, as shown in [29], local
learning algorithms produce less errors than global ones.
Viewing the problem as that of function approximation, the
intuition is that it is usually non-easy to find a unique function
that holds good predictability properties in the entire data
space.
Besides, the distributed learning of Figure 2 clearly finds application in all those scenarios in which learning is performed
collaboratively but distinct learners either only access subsets
of the entire dataset (e.g., due to physical constraints) or they
access independent noisy versions of the entire dataset. Two
such examples are Google Goggles and Siri in which the
locally collected data is processed on clouds.

B. Optimal accuracy-complexity tradeoff region
The distributed IB problem of Figure 2 is studied in [30],
[31] from information-theoretic grounds. For both discrete
memoryless (DM) and memoryless vector Gaussian models,
the authors establish fundamental limits of learning in terms of
optimal tradeoffs between accuracy and complexity. The result
for discrete sources is reproduced here for completeness.
Theorem 1. ( [30], [31]) The accuracy-complexity region
IRDIB of the distributed learning problem with PXK ,Y for
which the Markov chain (21) holds, is given by the union of
all tuples (∆, R1 , . . . , RK ) ∈ RK+1
satisfying for all S ⊆ K,
+
∆≤

X

k∈S

[Rk −I(Xk ; Uk |Y, T )] + I(Y ; US c |T ),

(19)
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decodes the compression indices (within the corresponding
bins) and the transmitted messages, i.e., Cover-El Gamal
compress-and-forward [36, Theorem 3] with joint decompression and decoding (CF-JD). Alternatively, the rate region of
Theorem 2 can also be obtained by a direct application of the
noisy network coding (NNC) scheme of [37, Theorem 1].

D. Distributed Source Coding under Logarithmic Loss
Fig. 3. CRAN model with oblivious relaying and time-sharing.

for some set of pmfs P := {PUk |Xk ,T , . . . , PUk |Xk ,T , PT } with
joint distribution of the form
pT (t)pY (y)

K
Y

k=1

pXk |Y (xk |y)

K
Y

k=1

pUk |Xk ,T (uk |xk , t).

(20)

C. Cloud RAN
Consider the discrete memoryless (DM) CRAN model
shown in Figure 3. In this model, L users communicate with a
common destination or central processor (CP) through K relay
nodes, where L ≥ 1 and K ≥ 1. Relay node k, 1 ≤ k ≤ K,
is connected to the CP via an error-free finite-rate fronthaul
link of capacity Ck . In what follows, we let L := [1 : L] and
K := [1 : K] indicate the set of users and relays, respectively.
Similar to [32], the relay nodes are constrained to operate
without knowledge of the users’ codebooks and only know a
time-sharing sequence Qn , i.e., a set of time instants at which
users switch among different codebooks. The obliviousness of
the relay nodes to the actual codebooks of the users is modeled
via the notion of randomized encoding [33], [34]. That is, users
or transmitters select their codebooks at random and the relay
nodes are not informed about the currently selected codebooks,
while the CP is given such information.
Consider the following class of DM CRANs in which the
channel outputs at the relay nodes are independent conditionally on the users’ inputs. That is, for all k ∈ K and all
i ∈ [1 : n],
Yk,i −− XL,i −− YK/k,i

(21)

forms a Markov chain in this order.
Theorem 2 ( [35]). For the class of DM CRANs with oblivious
relay processing and enabled time-sharing for which (21)
holds, the capacity region C(CK ) is given by the union of
all rate tuples (R1 , . . . , RL ) which satisfy
X
X
Rt ≤
[Cs − I(Ys ; Us |XL , Q)] + I(XT ; US c |XT c , Q),
t∈T

s∈S

for all non-empty subsets T ⊆ L and all S ⊆ K, for some
joint measure of the form
p(q)

L
Y
l=1

p(xl |q)

K
Y

k=1

p(yk |xL )

K
Y

k=1

p(uk |yk , q).

(22)

The direct part of Theorem 2 can be obtained by a coding
scheme in which each relay node compresses its channel
output by using Wyner-Ziv binning to exploit the correlation
with the channel outputs at the other relays, and forwards the
bin index to the CP over its rate-limited link. The CP jointly

Key element to the proof of the converse part of Theorem 2
is the connection with the Chief Executive Officer (CEO)
source coding problem. For the case of K ≥ 2 encoders,
while the characterization of the optimal rate-distortion region
of this problem for general distortion measures has eluded the
information theory for now more than four decades, a characterization of the optimal region in the case of logarithmic
loss distortion measure has been provided recently in [38].
A key step in [38] is that the log-loss distortion measure
admits a lower bound in the form of the entropy of the source
conditioned on the decoders input. Leveraging on this result,
in our converse proof of Theorem 2 we derive a single letter
upper-bound on the entropy of the channel inputs conditioned
on the indices JK that are sent by the relays, in the absence of
knowledge of the codebooks indices FL . Also, the rate region
of the vector Gaussian CEO problem under logarithmic loss
distortion measure has been found recently in [39], [40].

V. O UTLOOK
Among interesting problems that are left unaddressed in
this paper that of characterizing optimal input distributions
under rate-constrained compression at the relays where, e.g.,
discrete signaling is already known to sometimes outperform
Gaussian signaling for single-user Gaussian CRAN [33]. It
is conjectured that the optimal input distribution is discrete.
Other issues might relate to extensions to continuous time
filtered Gaussian channels, in parallel to the regular bottleneck
problem [41], or extensions to settings in which fronthauls may
be not available at some radio-units, and that is unknown to
the systems. That is, the more radio units are connected to the
central unit the higher rate could be conveyed over the CRAN
uplink [42]. Alternatively, one may consider finding the worstcase noise under given input distributions, e.g., Gaussian, and
rate-constrained compression at the relays. Finally, there are
interesting aspects that address processing constraints of continuous waveforms, e.g., such as sampling at a given rate [43],
[44] with focus on remote logarithmic distortion [38], which
in turn boils down to the distributed bottleneck problem [30],
[31].
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