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On the Capacity of the Peak Power Constrained
Vector Gaussian Channel: An Estimation
Theoretic Perspective

Alex Dytso™, Mert A1, H. Vincent Poor™, Fellow, IEEE, and Shlomo Shamai (Shitz)

Abstract— This paper studies the capacity of an n-dimensional
vector Gaussian noise channel subject to the constraint that
an input must lie in the ball of radius R centered at the
origin. It is known that in this setting, the optimizing input
distribution is supported on a finite number of concentric spheres.
However, the number, the positions, and the probabilities of
the spheres are generally unknown. This paper characterizes
necessary and sufficient conditions on the constraint R, such that
the input distribution supported on a single sphere is optimal.
The maximum R, such that using only a single sphere is optimal,
is shown to be a solution of an integral equation. Moreover, it is

shown that R, scales as ./n and the exact limit of % is found.

Index Terms— Capacity, mutual information, minimum mean
square error (MMSE), I-MMSE, peak-power, amplitude
constraint, harmonic functions.

I. INTRODUCTION

WE CONSIDER an additive noise channel for which the
input-output relationships are given by

Y=X+2Z, (1)

where X € R” is independent of Z € R"” and where Z ~
N(O0, I,). We are interested in finding the capacity of the
channel in (1) subject to the constraint that X € By(R) where
Bo(R) is an n-ball centered at 0 of radius R (amplitude or peak
power constraint), that is

max I1(X;7Y). 2
e ( ) )

In general the capacity in (2) is an open problem and only
some special cases have been solved. In this work the capacity
in (2) will be characterized for all R that are smaller than

roughly /7.
The necessity of characterization of the capacity with a

peak power constraint on the input is self-evident. Many
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practical systems inherently have a peak power constraint due
to the limited range of operations of electronic equipment.
Some channels (e.g., the direct detection photon channel [1])
have well defined ranges of operations where average power
constraints are not relevant and peak power constraints must
be used.

A. Prior Work

For the case of n = 1 Smith in his seminal work [2],
using convex optimization techniques, has shown that the
maximizing distribution in (2) must be discrete with finitely
many points. In [3], for the case of n = 2, the maximizing
input distribution has been shown to be supported on finitely
many concentric spheres. The generalization to an arbitrary n
can be found in [4], [5] and [6].

This paper can be considered as an n-dimensional gener-
alization of the work in [7] where, in the case of n = 1
and under the conjecture that the number of mass points,
as we vary R, increases by at most one, a two point input
distribution uniform on £R has been shown to be optimal if
and only if R < 1.665, and a three point input distribution
on {—R,0, R} has been shown to be optimal if and only if
1.665 < R < 2.786. However, unlike the approach in [7],
the proof strategy used in this work relies on very different
methods (rooted in estimation theory) and, for every dimension
n, recovers the exact condition for the optimality of an input
supported on a single sphere. Moreover, our proof does not
require the assumption of the conjecture that the number of
points increases by at most one as we vary R.

The fact that a uniform distribution on a single sphere
is optimal as in — 0 has been shown in [5]. More-
over, Rassouli and Clerckx [5] have observed via numerical
results the fact that a distribution with the support on a
single sphere can be optimal for non-vanishing values of
R. In addition, Rassouli and Clerckx [5] have computed the
maximum values of R, for which a single sphere is optimal, up
to n = 20.

A number of works have also focused on deriving lower and
upper bounds on (2). Thangaraj et al. [8] derived an asymptot-
ically tight upper bound on the capacity as R — oo by using
the dual representation of channel capacity. Dytso et al. [9]
derived an upper bound on the capacity, by using a maximum
entropy principle under L, moment constraints, that is tight
for small values of R. See also [9] and [10] for asymptotically
tight lower bounds on the capacity.
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The interested reader is also referred to [11] where in
addition to the amplitude input constraint the authors also
considered an average power constraint on the input and
characterized the amplitude-to-power ratio of good codes.

B. Paper Outline and Contributions

The paper outline and contributions are as follows:

1) Section II reviews some known facts about the optimal
input distribution in (2) (e.g., the support is given by
concentric spheres);

2) Section II-A gives the definition of the “small ampli-
tude” regime as the regime in which a uniform probabil-
ity distribution supported on a single sphere is optimal;

3) Section III, Theorem 2, presents our main result, which
is an exact characterization of the size of the small
amplitude regime. The proof of the main result is
postponed to Section V-A;

4) Section IV, for an input distribution on X uniformly
distributed on a sphere of radius R, computes the output
distribution, the conditional expectation of the input X
given the output Y, the mutual information between X
and Y and the minimum mean square error (MMSE) of
estimating X from Y;

5) Section V presents new conditions for the optimality
of the distribution on a single sphere. The new condi-
tions have an advantage of being easier to verify than
the classical conditions presented in Section II. The
key ingredients for the proof of the new conditions
are the change of sign lemma due to Karlin [12],
the I-MMSE relationship [13] and the point-wise
I-MMSE relationship [14]. To the best of our knowledge
this is the first application of the point-wise -MMSE
relationship to a capacity problem;

6) Section V-A presents the proof of the main result;

7) Section VI gives an alternative proof, using yet another
information estimation identity, that R < ./n is suffi-
cient for the optimality of the distribution on a single
sphere; and

8) Section VII concludes the paper by discussing connec-
tions between maximization of the mutual information
and maximization of the MMSE (i.e., the theory of
finding least favorable prior distributions). In particu-
lar, we discuss conditions under which least favorable
distributions are also capacity achieving.

C. Definitions and Notation

The volume of the unit n-ball and the unit (n — 1)-sphere
are denoted and given by

Vyo= —— 3)
r(3+1)
S ] 271'% @)
n—l = =
I (3)

We denote the (n — 1)-sphere of radius r centered at the origin
as follows:

Clr) = {x:llx|l =r}. (5)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 65, NO. 6, JUNE 2019

Q(-) denotes the tail distribution function of the standard
normal distribution. The modified Bessel function of the first
kind of order v is denoted by I, (x). We also use the following
commonly encountered ratio of Bessel functions:

lp (x)
ly—1(x) .
All logarithms in this paper are base e.

We denote the distribution of a random variable X by Px.
Moreover, we say that a point x is in the support of the
distribution Py if for every open set O such that x € O we
have that Px(O) > 0 and denote the collection of the support
points of Py as Supp(Px).

At times it will be convenient to use the following para-
metrization of the mutual information in terms of the input
distribution Px:

h, (x) ==

(6)

1(Px) = I(X;Y). (7)

We also define the following quantity that is akin to the
information density:

1 ly—=x1? 1
[ = - 2 —d - h
1, Pr) /]R Qr)% R T A
_ Jrix(Y]X) _
B E[log( fr(Y) ) |X_x} ®

where fy(y) is the output probability density function (pdf)
of Y induced by X ~ Px and h(Z) is the entropy of Gaussian
noise. Moreover, note that

Eli (X, Px)] = I(Px). (10)

The MMSE of estimating the input X from the output Y
will be denoted as follows:

mmse(X | Y) ::E[HX—IE[X | Y]||2]. (11)

II. OPTIMIZING THE INPUT DISTRIBUTION

The optimal input distribution in (2) can be characterized
by using the method presented in [2] and its extension to the
complex channel (i.e., n = 2) given in [3]; see also [4], [5],
and [6] for a detailed solution for any n > 2.

Theorem 1 (Characterization of the Optimal Input Distri-
bution): Suppose Py is an optimizer in (2). Then, P} satisfies
the following properties:

o P5 is unique;

o Py is optimal if and only if the following two conditions

are satisfied:

i(x, Px) = I(Px), x €supp(Py),
i(x, Py) < I(Px), x € Bo(R); and

(12a)
(12b)

o the support of the optimal input distribution is given by

N
supp(P}) = [ Jcer), (12¢)
i=1
where N < oo (finite).
An example of the support of distributions in (12c) for

n = 2 is shown in Fig. 1.
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Fig. 1. An example of a support of an optimal input distribution for n = 2.

Note that for n = 1 the optimal inputs are discrete with ‘
finitely many points. For n > 1 the optimal input probability 1.8 s
distributions are no-longer discrete but singular, however, .

the magnitude of the optimal input distribution || X || is discrete '
175 4

with finitely many points.

A. Small Amplitude Regime :
In this paper the small amplitude regime has the following !
171

|

definition.
Definition 1: Let Xr ~ Py, be uniform on C(R). The

capacity in (2) is said to be in the small amplitude regime if

D | | | | |

0 5 10 15 20 25 30 35

R < R,, where

R, = max{R : Px, =argmax max I(X;Y)}. (13) n
XeBy(R) (b)
Plots of R, _as defined in Theorem 2 vs. n. (a) Comparison of R,

Fig. 2.

In words, R, is the largest radius R for which Py uniformly
and \/n. (b) Plot of R, normalized by \/n.

distributed on C(R) is the capacity achieving distribution

in (2).
In this work we are interested in exactly characterizing R,,.
where c is the solution of the following equation:

2 2 2
, yer(l+yc”)
sdy =1

The following theorem, which is the main result of this 1 ye
paper, gives a complete characterization of the small amplitude /0 51
(%—i—,/%—i—ycz) (%—l—\/%—i-ycz(l—i—ycz))

regime.
Theorem 2 (Characterization of the Small Amplitude
Regime): The input X g is optimal in (2) (i.e., capacity achiev-
ing) if and only if R < R, where R, is given as the solution Proof: See Section V-A.
Note that R, is given as the solution of an integral equation
in (14a) and does not have an exact analytical form and
must be found using numerical methods. Similarly, while
the integral in (l14c) does have a closed form expression
given (62), the resulting equation must be solved numerically.
for any x such that |x| = R. In addition, it is sufficient to ~The numerical evaluation of R, up to n = 35 is shown on
Fig. 2 and the values of R, are provided in Table I.
It is important to note that numerical computation of h% (x)

take R < /n (i.e., /u < R,), and
lim Rn = ¢ ~ 1.860935682, (14b) via direct evaluations of the Bessel functions may be unstable
for large x. The interested reader is referred to Appendix A

n—o0o . /n

III. MAIN RESULT

(14c)
| ]

of the following equation:

/lE[h%z, (VTRIZI)|+E[0} (V7 RIV7x+2Z1)]dy =1,
’ (14a)
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TABLE 1
VALUES OF R, AND RMMSE

Dimension n Ry R%MSE
1 1.666 1.057
2 2.454 1.535
3 3.065 1.908
4 3.580 2.223
5 4.031 2.501
6 4.438 2.751
7 4.811 2.981
8 5.158 3.195
9 5.483 3.395
10 5.789 3.585
11 6.080 3.765
12 6.359 3.936
13 6.625 4.101
14 6.881 4.259
15 7.128 4412
16 7.367 4.560
17 7.598 4.702
18 7.823 4.841
19 8.041 4.976

20 8.254 5.107
21 8.461 5.235
22 8.663 5.360
23 8.860 5.483
24 9.054 5.602
25 9.243 5.719
26 9.428 5.834
27 9.610 5.946
28 9.789 6.056
29 9.964 6.165
30 10.136 6.271
31 10.306 6.376
32 10.472 6.479
33 10.636 6.580
34 10.798 6.680
35 10.957 6.779

for a discussion of these stability issues and details on how
values of R, can be computed by using a known continued
fraction expansion of h% (x).

Remark 1: Recall that |Z + x||* in (14a) is distributed
according to the non-central chi-square distribution of degree
n with non-centrality parameter || x ||?; this fact becomes useful
when numerically computing Rj,.

We can also give the following alternative characteriza-
tion of R, that does not require integration over y as
in (14a).

Theorem 3 (Alternative Characterization of Rn): The
input Xg is optimal in (2) if and only if R < R, where R, is
given as a positive zero of the following equation:

Wi 1
E |:—h§ (R||W||)i| =3 (15)

Wl
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where W is a random vector of independent components
such that Wi ~ w and W; ~ N(0,1) for
2<i<n.
Proof: See Section V-B. [ |
Remark 2: For the case of n = 1 using the fact that

R-hy (RIy)) = BIXp[Y = y] = Runh(Ry),  (16)
the expression in (15) simplifies to
/ (Q(w — R) — Q(w)) tanh(Rw)dw = g (17)
R

The non-zero solution to (17) can be easily found numerically
and is given by Ry ~ 1.665925641 as was already computed
in [7]. However, interestingly, while the expression (17) is
equivalent to the one presented in [7], it is not of the same
form. In [7] Ry is instead given as a solution of the following
equation:

G-R? G+R)?

/ ez +e 2 2
R 2

log (e_Ry + eRy) dy

V27 R?
5

IV. SOME ANALYTICAL COMPUTATIONS

In this section for the input Xz we compute the output pdf,
the mutual information and the MMSE.

Proposition 1 (Output Distribution): The pdf of the out-
put distribution induced by the input X is given by
(%) e__R2+2HyH2

r L1y [1R)
f (y) == 2 n 2 n .
' 2w (yIRE

Proof: Let X, have distribution with the pdf given on the
annulus

(18)

1
f)}( () = V, (R" — (R — €)") I{R*ESHXEHSR}(X)’

19)

for some ¢ > (. Observe that )A(E — Xp in distribution as
€ — 0 and, therefore, by the Dominated Convergence
Theorem the output pdf can be written as follows:

1 lly—Xel?
= lim E T2
fr(y) = lim [(ZE)%C }

e—0

_ly=xl?

1 ey <p€ 2 dx
= - lim Jr-cziizr . (20)
Va(2r)z -0 (R" — (R —¢€)")

To compute the limit in (20) we will need the following
integral [15]:

r ||y||R)‘3 n
e = (BF5) T sar (5) i),
/lxl—l 2 2/

21
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The derivation of the limit in (20) now proceeds as follows:

ly—x|?
 Jreespuy<re” 2 dx
lim
e—0 (R* — (R —¢€)")
R o2
aQ fR% fsn—l e” 2z r"ldedr
= lim
e—~0 (R* — (R —¢€)")

) i Je £

e~>0 (R" — (R —¢e)")

o LI f@y)drieo
% (R" — (R —€)") |e=0

4 f(R,Y)
anfl

_ly=ROIZ
o e7 2 "R*™de
_ Sn—1
B nR" 1

_ R 4y)? T
[s  eR9rde
n—1
n

e 2

_ B2 -3
o (uyznk) S ST (5) a1 (IyIR)

[9)
= p ,
where the labeled equalities follow from: a) changin% to spher-
y—r®
ical coordinates; b) defining f(r) == fS}H e,ilk - =140,

c) applying L’Hopital’s rule; d) applying the Fundamental
Theorem of Calculus; and e) using the integral in (21).

Putting together (20) and (22) and using (21) we have that
the output pdf is given by

1
Q) =——7
Va(2m)2
_ Ry 1-5
e (LE) T ST (3) gy
X
n
R2+|yI2
r(Z)e 2 lii(ylR)
2wd (IR
This concludes the proof. [ |

1
For n = 1 using the identity |_, (x) = () cosh(x) we

TX
have that

_ R4y
€
y(y) = —— cosh(|y|R
Sr(y) N YIR)
_1( 1 e’(wl)z—i- 1 e(R2|y|)2)
2 27 27 .

For n = 2 the output distribution is shown in Fig. 3 and is
given by
_ R4y
c Iy lIR cos(9)
fr=—F=5—1 ¢ do;
2 0

for n = 3 using the identity I%(x) = (%)7 sinh(x) we have
that
V2 o1 R (R
e e T G S N |
8z2 VIR
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Fig. 3. The output pdf in (18) for n =2 and R = 3.

Using the expression for the pdf in (18) we can now also
compute the conditional expectation E[X|Y].

Proposition 2 (Conditional Expectation): For every R >
0

Ry
E[XR | Y=y]=mhg(||yllR). (23)

Proof: Using the identity between the conditional expec-
tation and score function [16] we have that

Vy fr (v)
fr@y) '
and due to the symmetry of fy(y) we have that

Yy fr ) = gy atsy Ay D,

E[Xr Y =yl=y+ (24)

(25)

where
d

dliyll

Jrdiyh

4 T(5)e

d|yll 272
_ R24yl?
T(5)e
27173

_R24y)?
2

L1 (ly I R)
(ylR)z"!
Iyl Tz (LY IIR)
(ylIR)z !
d 121(yIR)
dlyll (Iy|R)z ™!

23 1vi2
r(%) e_R +2H}H
= —IIyIIfy(y)+2—n

r(y)e
273

T2

UV IR, (1Y IR) = (5 = 1) 151 (Iy1R)
(IyIR)?

_ R24|y? 2
: r(z)e " (R IIYI||g(IIYI|R))
- 4_ n n
Iyl fr () 5 (o IR)E

26)

IS

T

Ly 4. RO IR
N PRI 3!

—lIylfr () + Rfy (Mhg (IyIIR),

s

27)
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where the labeled equalities follow from: a) using the well-
known recurrence relation xl,11(x) = xI/ (x) — ol, (x) [17];
and b) using the expression for fy(y) in (18).
The proof of (23) is completed by combining (24),
(25) and (27). [ ]
Remark 3: The proof of Proposition 2 relies on the fol-
lowing identity between the conditional expectation and the
output pdf [16]:
BIX | ¥ = y] =y + 2S00

fr 7

in which the quantity > is commonly known as the score
function. The application of the identity in (28) considerably
simplifies the computation of E[X | Y] as we do not need
to derive the conditional distribution Px|y and only use
properties of the output pdf fy(y).

Examples of shapes of the conditional expectation for n = 1
and n = 2 are shown on Fig. 4.

The mutual information and the MMSE of Xy are given
next.

Proposition 3 (MMSE and Mutual Information): For
every R > 0

(28)

vy fr )

-4
I(Xg:Y) =R +log
r(3)
ls_1(IZ + x| R)
~E|log| 2————1)|. 29
(1Z +x|R)?

and
mmse(Xg | ¥) = R> — R°E [hzz (Rx + Z||)] . (30)

for any ||x|| = R.
Proof: First observe that due to the symmetry of i (x, Px,)
and X we have that

where ||x|| = R. Therefore,

I(XR: YY)+ h(Z)

ly—x? 1
= —e 2z log dy
Rt (27)2 fr(y)
272 R+ E[|Z + x|?]
= log m
T(3) 2
z Ry ™!
LBl (Z +xIIR)
i e 1 (IZ+xIIR) ] |
2 5
= log @ + R?
I(3)
z R)z~!
+E | log (Z +xIIR)
ls_1(IIZ + xIIR)

This concludes the proof of (29). To show (30) observe that
the MMSE can be written as

mmse(Xg|Y) = E[|| X ] —E[HE[XR | Y]”z]
= R~ E[IEXg | YIIP | 1Xk] = R]
= R~ RE[h (Rllx + 21},

where ||x|| = R. This concludes the proof. [ |
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Fig. 4. Examples of the conditional expectation in (23) forn =1 and n = 2.
(a) Case of n = 1. The conditional expectation E[Xg|Y = y] = R tanh(RY)
where R = 2. (b) Case of n = 2. The conditional expectation E[X{|Y = y]
where Xg = [X1, X2] with R = 2.5 and where y = [y, y2].

Fig. 5 shows the MMSE of X in (30) vs. the MMSE of
X ~ N(0, R? I,) which is given by
1R2

mmse(Xg|Y) =n—=

e 31
1+1R2 Gb

V. A NEW CONDITION FOR OPTIMALITY
IN THE SMALL AMPLITUDE REGIME

In this section an equivalent optimality condition to that in
Theorem 1 is derived. The new condition has the advantage
of being easier to verify than the condition in Theorem 1.

The following two lemmas would be useful in our analysis.

Lemma 1: The function x — i(x, Px,) is a function only

of llxll.
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Z 15) .
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1 [ "4 ----------------- |
0.5 . .
0 | IR i
0 1 2 3 4 )
R
Fig. 5. Comparlqon of the MMSE of X (dashed line) and the MMSE of

Xg ~N(0, R? I,,) (solid line).

Proof: The proof follows from the symmetry of the
Gaussian distribution and the symmetry of Px. u
The next lemma was shown in [12, Theorem 3].
Lemma 2: Let the pdf f(x, w) be a positive-definite kernel
that can be differentiated n times with respect to x for all w,
and let 5(w) be a function that changes sign n times. If

M) = [ 1@ f oo, (32)
can be differentiated n times, then M (x) changes sign at most
n times.

Theorem 4 (A New Optimality Condition): Py, is opti-
mal if and only if for all ||x|| = R

i(0, Px,) <i(x, Pxg),. (33)
Proof: Since by Lemma 1 i(x, Py, ) is a function only of
x| let
g(lxll) =i(x, Pxy). (34)
The goal now is to show that the maximum of g(|lx||) for
x € Bo(R) occurs either at ||x|| =0 or ||x|| = R. This would
simplify the two conditions in (12a) and (12b) to only one
condition
2(0) < g(R). (35)
In order to show this claim, we prove that the derivative of
g(|lx]) makes only one sign change, and that sign change
is from negative to positive. Hence, g(J|x|]) has only one
local minimum and must be maximized only at the boundaries
[x] =0 and |x]| = R
Because g(||x||) depends on x only through |x||, there is
no loss of generality in taking x = [x1, 0, ..., 0]. Consider the

3913

derivative of g(x;) with respect to xi

g'(x1)
d 1 Y=Y +(v1 -x1)? i 1 d
= 5 n o y
dxy Jge (27r)7 S H )
L > R AT Vi 1
= m (y1 —x1) log dy
/R" (27[)7 fr(y)

/ 1 i % +(v1 —x1)
R (27r)’7

Integrating by parts with respect to y; we have that

(y1 — x1) log fr(y)dy.

S o —x)?

fRn — e_ 2

d
o )z p(y)dy,

g'(x1) =
where

d
d Wf)’(y)
—1 ==
ay, e fr ) =T

Next using the chain rule of differentiation we have that

p(y) =

fr-L

d
YO = Iyl

dllyll

R Iz R
= (—Ilyllfy(y) + M)nyy_ln

L1y IR)

where in the last step we have used (27). Therefore,

= (—||y|| + Rhy (IyI1R)) 2

M(lly ”)ﬂ

Next by transforming to spherical coordinates we have that

p(y) i

00 2042 Z
g (x1) = -2 x1/0 M(r)e” 7 % (;—1)2 Ly (xyr)dr
(36)
= —2xE [M(JW)], (37)

where V2 is the non-central chi-square distribution with n 42
degrees of freedom and non-centrality xlz; see Appendix B for
the derivation (36) and (37).

Another fact which is not difficult to check is that for large
enough x; the function g’(x;) is positive. This is shown next

2 xE [M (\/W)] = 2 xE [—\/W + Rhy (\/WR)]
—2 xl(E [\/ﬁ] —E[Rh%(\/WR)])
2 ox ( E[V2] — R)

b) >
> 2x n+2+xi—RJ,

where the labeled (in)-equalities follow from: a) using
hz (v VZR) < 1 and E[v V2] > E[V2]; and b) using

the expression of the mean of the non-central chi-square
distribution with n + 2 degrees of freedom and non-centrality
xlz. Therefore, in view of the bound in (38), the expression in
(37) is positive for x; large enough.

(38)
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Next observe that in (36) the function
M(r)=—-r+ Rh%(rR),

changes sign at most once for r > 0, which follows from
the fact that h%(x) is increasing and concave (see [15]) and
h%(O) = 0. Hence, using Lemma 2 we have that for x; > 0
the function g’(x;) changes sign at most once, and since
g'(x1) > 0 for large enough xq, we conclude that the sign
change can only be from negative to positive. Therefore, for
x1 > 0 the function g(x;) has only one local minimum,
no local maxima, and g(|lx||) is maximized only at the
boundaries. This concludes the proof. [ |

Remark 4: Condition (33) significantly simplifies the nec-
essary and sufficient conditions for optimality in (12). For
instance, we do not have to verify the conditions in (12b)
for all x € By(R) and instead need only to check the points
satisfying ||x|| =0 and ||x|| = R.

Moreover, the condition in (33) implies that as we increase
R the new points of support cannot appear for 0 < ||x|| <
R and shows that a new probability mass, as we transition
beyond Ry, can only appear at ||x|| = 0.

Fig. 6 shows i(x, Px,) vs. x for n = 1. Note that,
as expected, when R = R, we have that i0, Pxp) =
i(R, Pxy). Moreover, for R > R; as Xg is no longer optimal,
we have that i (0, Px,) > i(R, Pxy)

Next, we rewrite i (0, Px,) and i(x, Px,) in terms of esti-
mation theoretic measures which facilitates the computation
of R,.

Lemma 3: For every R > 0 and ||x|| = R

1 1
i Pr) =3 [ B[] Xe=BLXR 1 K0P 1| =R] 0.
(39)
_ 1! 2
0, Pr) =5 [ E[|Xe~EXk |51 11XRI=0] 7,
(40)
where Y, = /y Xp + Z.

Proof: The proof of (39) follows by a symmetry argument
used in Proposition 3 and the I-MMSE relationship [13]

1 1
1(X;Y) = 5/0 E[HX—E[X | Yy]||2]d)’~ 41

To show (40) we use the point-wise [-MMSE formula [14]

frix(Y1X)

1
TR

1 1
—5/ 1X — ELX | ¥,1|%dy
0
1
:/ (X —E[X | Y,])-dW,, as. (42)
0

where the integral on the right hand side of (42) is the It
integral with respect to W, . The proof of the representation
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Fig. 6. Plot of i(x, Px,) vs. x for n = 1. Solid lines are i(x, Px,) and
vertical dashed lines are x = R and x = —R. (a) Plot of i(x, Pxp) vs. x for
R = 1.64. (b) Plot of i(x, PXR) vs. x for R = R| = 1.665925641. (c) Plot
of i(x, Pxp) vs. x for R = 1.67.
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of i(0, Px,) now goes as follows:

Srixg (YIXR) _
W [ XRI —0:|

r 1
/ |X& — E[Xz | ¥, 11Pdy | 1Xz = 0}
LJO

2i(0, Px,) = E|log
2y
1
—E[/ (Xg —E[Xg | Y,1)-dW, |XR=O}
0

g

rrl
/ IXg —E[Xg | Y, 117dy | Xg =o}
LJO
1
— [ B[1xe— B0k 1 %1 1 Xe = 0]y,

where the labeled equalities follow from: a) using the point-
wise formula in (42); and b) using the symmetry of Xg to
conclude that E[E[Xg|Y,]|Xg = 0] = 0. This concludes the
proof. [ ]

A. Proof of Theorem 2

Combining Lemma 3 and the optimality condition in The-
orem 4 we arrive at

0

v

l(09 PXR) - l('x9 PXR)
1
| ixe - e 17,02 10 = 0]
0

—E[IXk — E[Xz | ¥, 1I% | 1Xzl = R] dy

_ /01 RE [n} (V7 RIZI)] -
— RE[h} (V7 RIV7x + ZI) ] dy,

where in the last step we have used the expression for the
conditional expectation in (23) and the expression for the
MMSE in (30). Now the condition in (43) is equivalent to

(43)

/IE[h%zl (VTRIZI) |+E [0} (V7 RIV7x+2Z1)]dy <1,
' (44)

where ||x|| = R. The value of R, would now be a solution of
(44) which concludes the proof of (14a).

To show the second part of Theorem 2 let R = c./n. We will
also need the following bounds on h, (x) [18], [19]:

X
h,(x) > ——————, foro > 0, (45)
’ v+ 0% + x2

hy (x) < al z  foro > =.  (46)

21)2—1 + /(21)4—1) +)C2

Moreover, if we let X = [c¢4/n, 0,0, ...] and define
V ! lcZ + ey x|l 47)
= —I|lc c Sy x|,
n \/’7 Y
1

Wy = —llcZ|, (43)

i

3915

then the two terms on the left hand side of (44) can be lower
and upper bounded as follows:

Bl (—W
T+ /s +yw2

= E[h} (cvay7IZI)]

2
W,
<E i . 4o)
(n 1) +yW2
and
2
E V7 Va
T+Jitr V2
<E [hz2 (e/nyTIITE + z||)]
2
V,
<E f " : (50)

where the lower bounds hold for n > 1 and the upper bounds
hold for n > 1.

In view of the fact that u is a concave

u
. ] (a+va2+u)?
function for @ > 0, using Jensen’s inequality, we can further

upper bound the expressions in (49) and (50) as follows:

2

W,
E V7 W
—1 (n—1)2

nz_n + n4nz + y W2

yE[W2]

( Ry

= re’ (51)

22
1 (n—1
(nZn n4n2) re )

IA

2
+ yE[ Wz])

and

v,
E VEAL

%4_ (n 1) +y2V2
yIE[Vf]
2
_ _1)2
(%+ %LHE[V,;])
2 2
1
_ yee(d+ye’) . (52)
_ —_1)2
(%+\/(n4n12 +yc2(1+ycz))

IA

where we have also used that IE[W,%] =% and IE[V,%] = c2(1+
y ¢?). Applying the bounds in (51) and (52) to a necessary and
sufficient condition in (44) we arrive at the following sufficient
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condition for optimality:
ye?
(n—1)2 ?
—1 _
ERNC
y+ycd)
2
_ —1)2
(5 /o v r0)

Next, we verify that it is sufficient to take R < 4/n which
is equivalent to verifying that the inequality in (53) holds for
¢ = 1. Choosing ¢ = 1 in (53) and letting a = % we arrive
at the following inequality:

dy <1.

(53)

2alog(2a 4+ 1) — 2alog (2\/ a’?+2+ 3)

4ava? +2—1
—4a®tanh™! (8a2 — 1) +4a®tanh~! (%)

< 1.

(54)

The solution to the above inequality can be found numerically
and is given by 0.2358 <a = % or n > 1.892. Therefore,
for n > 2 it is sufficient to take ¢ = 1 or R < /n.

Next, we find the exact limiting behavior of ¢. Observe that
the lower and upper bounds in (49) and (50) are equal as
n — oo and, therefore, we focus only on the upper bounds
in (49) and (50). By the strong law of large numbers almost
surely we have the following limits:

lim V2> = lim l||cZ+cﬁi||2
n n—-o0o n

n—oo

. 2 2 N 2

Jim —(cZy+ ¢y’ + lim ;g(czg
1=

=14y, (55)

and similarly

: 2 _ 1 1 n N2 2
nli)ngo Wy =1limy o0 5 20 (cZi)” =c*.

(56)

Now to show that the limit and the expectation can be
interchanged observe that

V
/¥ Vu <1, (57)
—1 [(n=1)
nzn + n4n2 + Y Vr12
W,
/7 P <1, (58)
_ _1
n2n1 + (n4n2) T W’%

and by the Dominated Convergence Theorem the limits are
give by

2
c/n Z + X
n—oo _ — -
nd g O gz + 7
2

1%
= lim E V7 ”z
n—oo — —1

SV
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2

V714 yc?

= , (59)
L ity

and
2

V712l
_ —1)2
2y O gz

2
V7 Wa
(n—1)?
4n?
2

— L . (60)

T+ E+yc?

Therefore, the condition for optimality is given by

1 2 2
cc(I+vyc
/ + yer(l+yc”)
0
(% + l+yc2) (%+,/i+yc2(1 + yc2))

The integral in (61) does have a closed form expression
given by,

1og(¢4c2+ 1+ 1) —log(c®+ I)—og (2) — VA2 + 142 2+

2

lim E

n—oo

= lim E
n—o00 -1
B+ +y W2

yc?

sdy =1.

(61)

1
(62)

however, the resulting equation must be solved numerically.
Using numerical methods it is not difficult to verify that the
solution to the equation in (61) is given by ¢ ~ 1.860935682.
This concludes the proof.

B. Proof of Theorem 3

First we compute the difference i (x, Px) — i (0, Px) where
we take x = [x1,0, ..., 0]

i(x, Px) —i(0, Px)

_/ ( 1 e_ny—zxn2_ 1 e_|.vz|2)10 1 d
R \(27)2 ()2 SHo™
(63)

Next considering only the integral with respect to yj, we have

?
e'z) log fy (y)dy1 (64)

A fr ()

)

2/<Q( )= Q1 —x1) (BLXy [ ¥ = y] - y1)d
. Vi Y1 1 1 vl —y1)dy

/ ( 1 7(}'1—;1)2 1
_ e T —
R \V27 2w

2 / O1) — 01 —x1)) dy,
R

)C2

2 /]R (QO) = QO —x))EIXy | ¥ = yldy1 + 5,

(65)
where the labeled equalities follow from: a) using integration

by parts; b) using the identity in (28); and c) using the integral

2
/ Y01 — QUi —x)dy =~ D (66)
R
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Next, observing that

%)M is a pdf since

/ 0(y1) — 0(n _XI)dyl _1 67)
R —X1
and putting (63) and (65) together we have that
¥2
i(x, Px) —i(0, Px) = —xiE[E[X; | ¥ = W]] + 71
(63)
0(y1)—0Wi—x1)

where W is a random vector such that W ~
and W; ~N(0,1) for2 <i <n.

Combining (65) with the conditional expectation of Xg in
(23) and choosing x; = R the difference in (63) is given by

—x1

. » _ e[ W R?
i(R, Pxy) —i(0, Pxy) =—R IE[”W”hz (R||W||)} + 7
(69)

The proof is concluded by applying (69) to the sufficient and
necessary condition in (33).

VI. AN ALTERNATIVE PROOF OF THE
LOWER BOUND /n < R,

In this section we give an alternative proof of the lower
bound \/n < R,. The main idea is to show that x > i(x, Px)
is a subharmonic function where the notion of subharmonic
functions is defined next.

Definition 2 (Subharmonic Function): Suppose that the
function f is twice continuously differentiable on an open set
G € R™. Then f is subharmonic if V2 f > 0 on G where V?
is the Laplacian.'

We will use an important property that a subharmonic
function always attains its maximum on the boundary of a
set as shown in the following theorem.

Theorem 5 (Maximum Principle of Subharmonic Func-
tions): Suppose that G is a connected open set. If f is
subharmonic and attains a global maximum value in the
interior of G, then f is constant in G.

To show the desired bound we will use Theorem 5 together
with yet another identity that relates estimation and informa-
tion measures [20, Property 3].

Lemma 4: Denote the likelihood function by

0y = % (70)
—”e_ )
@n)?2
Then,
V2logt(y) = E[|IX —E[X | Y] | ¥ = y]
=Var(X | Y = y). (71)

The next result shows that the function x — i(x, Py) is
subharmonic if X is contained in a small enough neighbor-
hood.

Theorem 6: Suppose that X € Bo(R). Then, for R < /n
and all x € By(R) the function x — i(x, Px) is subharmonic.

I fzis twice differentiable its Laplacian is given by by v2 f =
n o° f
i=1 5,2 "

1
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Proof: Observe that i (x, Py) can be written in terms of
the log-likelihood function as follows:

i(x, Px)
= —E[log fr (x + 2)] — h(2)

1 _lxtz)?
= —E[logf(x—}—Z)] —E|log —e~ 2 —h(Z)
(2r7)2
B x|
= —E[logt(x + 2)] + - (72)
Therefore, using (70) we have that
V2%i(x, Px) = —E[Var(X | Y) | X =x]+n
> —R? +n, (73)

where in the last step we have used X € Bp(R) and the bound
Var(X | Y) < R?. This concludes the proof. [ |
As a consequence of Theorem 5 and Theorem 6 we have
the following corollary.
Corollary 1: For R < /n

max [(X; X +2Z)=1(Xg; Xg+ 2),

74
XeBy(R) ( )

or, alternatively, \/n < R,.

The proof of Theorem 6 gives yet another example of
the utility of identities between estimation and information
measures. Finally, the result in Theorem 6 can also be extended
to a degraded Gaussian wiretap channel [21].

VII. DISCUSSION

In this work we have characterized conditions under which
an input distribution uniformly distributed over a single sphere
achieves the capacity of a vector Gaussian noise channel with
a constraint that the input must lie in the n-ball of radius R.
We have also shown that the largest radius R, for which it is
still optimal to use a single sphere grows as /n. Moreover,
the exact limit of R—’l; as n — oo is found to be ~ 1.861.

A number of methods that we have used throughout the
paper relied on using estimation theoretic representations of
information measures such as the -MMSE relationship. The
path via estimation theoretic arguments allows us to contrast
optimization of the mutual information with that of a similar
problem of optimizing the MMSE, that is

max mmse(X|Y).

75
XeBy(R) ( )

Distributions that maximize (75) are referred to as least
favorable prior distributions and have been shown to have
a spherical structure similar to that of the distributions that
maximize the mutual information; an interested reader is
referred to [22] and [23] and references therein. Moreover,
the conditions for the optimality of a single sphere distribution
(i.e., the maximum radius R%MSE) in (75) have been found
in [22] and [24] and are given by a solution to the following
equation:

E[M ®IZD]+E[M RIx+2D] =1, @6

where ||x|| = R. It is pleasing to see the similarity between
the optimality condition for the MMSE in (76) and the
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Fig. 7. Comparison of R,, RMMSE and /n. For R < RMMSE the least

favorable distributions (LFD’s) are cM}gacny achieving (optlmal for short) and
not capacity achieving for R > R

optimality condition for the mutual information in (14a). Note,
however, that (14a) could not have been derived directly from
(76) or vice versa. The values of I?,IYIMSE are shown in Table 1.
The code for the numerical computation of RMMSE and R, can
be found at [25].

It is also interesting to point out that that R}XIMSE is always
lagging behind R, as we increase n as shown in Fig. 7.
Notably this behavior persists even as n — oo since for the
MMSE?

RMMSE
n]er;o \/_ = cmMsE ~ 1.151, 77)
where cyvusg 1S the solution of the following equation:
2 2 2
1
c c“(1+¢%) —1. (78)

2+ 2
(%+,/£+c2) (%+,/£+c2(1+c2))

while for the mutual information according to Theorem 2

. R,
lim — ~ 1.861.

n— 00 ﬁ

(79)

Again, note the similarity between (78) and (14c).

The lagging of RMMSE behind R, also points out that the
following bounding technique, which relies on the I-MMSE,
results in a tight bound if R < R%MSE and is not tight if
RMMSE < R < R,

max [(X;Y) = max mmse (XY, )d 80
XeBy(R) ( ) XEBO(R)2/ (X1¥;)dy (80)
/ max mmse(X|Y )y, (81)
XeBy(R
5 L . RMMSE
The exact limit is given by lim,— oo —2 T CMMSE =

O~ 1.15096; see [22] and [26] for the details.
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Such a condition for tightness of the bound via the - MMSE
relation was already pointed out in [27] for n = 1. Interest-
ingly for several multiuser problems [28]-[30], with a second
moment constraint on the input instead of an amplitude
constraint, such lagging vanishes as n — oo and bounds via
the I-MMSE of the type in (81) (i.e., where the maximum
and the integral are interchanged) are tight. The fundamental
difference is that in the aforementioned works the Gaussian
distribution is optimal in the limit of n, while in (2) and (75)
Gaussian inputs are not optimal even as n — 0.

The optimality of an input distribution on a single sphere
also has important practical implications as it suggests that
phase modulation is optimal. Note that in practice, however,
the continuous sphere would have to be discretized. The
accuracy of such a discretization can potentially be evaluated
by using the fact that the mutual information is continuous in
the Wasserstein metric over a set of distributions with compact
support [31, Corollary 4].

An ambitious future direction is to consider an extension
of the result in this paper to a general MIMO channel. For
a recent survey on discrete inputs in MIMO systems the
interested reader is referred to [32].

Another interesting direction is to consider an input average
power constraint (i.e., E[|| X 1?1 < P) together with the input
amplitude constraint analyzed in this paper.

Finally, we have recently found another application of
Lemma 2. In particular, in [33] and [34] we have shown that
Lemma 2 can be used to provide a first firm upper bound on
the number of spheres in (12c).

APPENDIX A
ON THE NUMERICAL EVALUATION OF THE
INTEGRALS IN (15) AND (76)

Evaluation of the expectations in (15) and (76) for any given
R may be performed using Monte-Carlo methods. The ratios
of Bessel functions in the expectations can be evaluated pre-
cisely thanks to the known continued fraction expansion [35]

I, (x 1

hy () = = ) —, (82)

n—1(¥) by +

where
2 k—1
by = M (83)
X

The continued fraction can be evaluated via

Steed’s or Lentz’s algorithm [36], either of which gives
stable and accurate results, whereas the direct evaluation
of the ratio of Bessel functions may lead to floating-point
overflows at high values of x. An example of the overflow
for double precision values is shown on Fig. 8. Note that
in Fig. 8a the zero values of the function h,(x) = by 5)86)
around n = 38 correspond to denominator overflows ’{Vhlle
the one values for smaller values of n correspond to both
numerator and denominator overflows. Moreover, observe that
neither Steed’s or Lentz’s algorithm experiences this issue.
Since h,(x) is a monotonically increasing function of x,
the integrands in (15) and (76) are monotonically increasing
functions of R. Hence, given lower and upper bounds on R,
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Fig. 8. Comparison of values of h, (x) obtained via Steed’s algorithm, Lentz’s
algorithm and direct evaluation of the ratio of Bessel functions. (a) Plot of
h; (x) vs. x for n = 33. (b) Plot of h,(x) vs. n for x = 705.

the zeroes of (15) and (76) may be obtained via binary
searches. In our simulations, we set the lower and upper
bounds to /n and 3./n, respectively. Note that this interval
includes both the set [1.6659./n, 1.8609./n] for the maximum
mutual information setting, and the set [1.0567./n, 1.151/n]
for the maximum MMSE setting.

We sampled 10® chi-square samples while evaluating the
expectations for the binary searches. During the evaluation
of (15), we integrated directly over the distribution of Wi,
and we distributed the chi-square samples uniformly across
the effective domain of Wy, which was set as [—7, R + 7] to
capture all but a negligible amount of the probability mass.
During the evaluation of (76), we sampled evenly from the
central and non-central chi-square distributions.>

3Altematively, more samples can be taken from the non-central chi-square
due to its higher variance.
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The R, and RMMSE values reported in Table I have consis-
tently led to residuals well below 10~* during the Monte-Carlo
evaluations of the integral equations. In our experience, multi-
ple binary searches in this setting do not lead to changes in R,
and R%MSE values beyond the fourth digit after the decimal
point. Interested readers may refer to our implementation and
simulation data found at [25].

APPENDIX B
CONVERTING TO SPHERICAL COORDINATES IN (36)

Using that
R (IyIR) v,
P ==yl + ———— ) 7 = M(| II)—
( la_1(IlyIIR) vl Iyll”
we have
Y=y ,+()1 x)?
—g'(x1) = fRn —L e M(”)’”)H)yl” dy.

@m)2

Transforming yi, y2,...,y, to the spherical coordinates

ydly...,¢pu—1 Wherer > 0,0 < ¢ <27x and 0 < ¢; <7
fori =2,...,n—1 we have that
y1 = rcos(¢r), (84a)
i—1
yi = rcos(¢;) Hsin¢k, i=2,....,n—1, (84b)
k=1
n—1
Yo =7 H sin ¢y, (84c¢)
k=1
and the Jacobian is given by
n—1
dy ="' T] ing)" ™' ¥ drdgpy ... dgp 1. (84d)

k=1

Therefore, the derivative can be written as follows:

—g'(x1)

=)klj[;/0 (sin )" kdqsk/z”/

M(r) cos(¢1)r”*1 (sin 1)~ drdg
Q Snfz/ «/—F (Tl)
0

i (x1 1) 7
P! / ad M(r)( )ll%(xl r)dr
—2x/ M(r)e™ - ZXI
szIE[M (\/W)]

where the labeled equalities follow from: a) using spherical
coordinates in (84); b) using that

n—1 .z
[T/ Gingor!*ag =5,
k=20

r —2rr1 cos(¢1)+r

oent

ln (x; r)r”fldr
(2m)? :

% ()ic)% I%(xl r)dr
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and that

2n
/ &1 cos(r) (sin¢1)" " deby
0
28 VT (1)

1.
el FACS IS L
(x17r)2

¢) using that S, 227 /7T (=) = (27)2; and observing
2

r2+x n
1 B . .
that %e_ 2 (%) 2 I%(xl r) is the pdf of a chi-square random

variable of degree n+2 with non-centrality xlz. This concludes
the proof.

REFERENCES

[1] S. Shamai (Shitz), “Capacity of a pulse amplitude modulated direct
detection photon channel,” IEE Proc. I Commun., Speech Vis., vol. 137,
no. 6, pp. 424430, Dec. 1990.

[2] J. G. Smith, “The information capacity of amplitude- and variance-
constrained scalar Gaussian channels,” Inf. Control, vol. 18, no. 3,
pp- 203-219, Apr. 1971.

[3] S. Shamai and I. Bar-David, “The capacity of average and peak-power-
limited quadrature Gaussian channels,” IEEE Trans. Inf. Theory, vol. 41,
no. 4, pp. 1060-1071, Jul. 1995.

[4] T. H. Chan, S. Hranilovic, and F. R. Kschischang, “Capacity-achieving
probability measure for conditionally Gaussian channels with bounded
inputs,” IEEE Trans. Inf. Theory, vol. 51, no. 6, pp. 2073-2088,
Jun. 2005.

[5] B. Rassouli and B. Clerckx, “On the capacity of vector Gaussian
channels with bounded inputs,” /IEEE Trans. Inf. Theory, vol. 62, no. 12,
pp- 6884-6903, Dec. 2016.

[6] A. Dytso, M. Goldenbaum, H. V. Poor, and S. Shamai (Shitz), “When
are discrete channel inputs optimal?—Optimization techniques and
some new results,” in Proc. Conf. Inf. Sci. Syst., Princeton, NJ, USA,
Mar. 2018, pp. 1-6.

[7] N. Sharma and S. Shamai (Shitz), “Transition points in the capacity-
achieving distribution for the peak-power limited AWGN and free-space
optical intensity channels,” Problems Inf. Transmiss., vol. 46, no. 4,
pp- 283-299, 2010.

[8] A. Thangaraj, G. Kramer, and G. Bocherer, “Capacity bounds for
discrete-time, amplitude-constrained, additive white Gaussian noise
channels,” IEEE Trans. Inf. Theory, vol. 63, no. 7, pp. 4172-4182,
Jul. 2017.

[9]1 A. Dytso, M. Goldenbaum, S. Shamai (Shitz), and H. V. Poor, “Upper

and lower bounds on the capacity of amplitude-constrained MIMO

channels,” in Proc. IEEE Global Commun. Conf., Singapore, Dec. 2017,

pp. 1-6.

A. ElMoslimany and T. M. Duman, “On the capacity of multiple-antenna

systems and parallel Gaussian channels with amplitude-limited inputs,”

IEEE Trans. Commun., vol. 64, no. 7, pp. 2888-2899, Jul. 2016.

Y. Polyanskiy and Y. Wu, “Peak-to-average power ratio of good codes

for Gaussian Channel,” IEEE Trans. Inf. Theory, vol. 60, no. 12,

pp. 7655-7660, Dec. 2014.

S. Karlin, “Pélya type distributions, II,” Ann. Math. Statist., vol. 28,

no. 2, pp. 281-308, 1957.

D. Guo, S. Shamai (Shitz), and S. Verdd, “Mutual information and

minimum mean-square error in Gaussian channels,” IEEE Trans. Inf.

Theory, vol. 51, no. 4, pp. 1261-1282, Apr. 2005.

K. Venkat and T. Weissman, “Pointwise relations between information

and estimation in Gaussian noise,” IEEE Trans. Inf. Theory, vol. 58,

no. 10, pp. 6264-6281, Oct. 2012.

G. S. Watson, Statistics on Spheres, vol. 6. Hoboken, NJ, USA: Wiley,

1983.

R. Esposito, “On a relation between detection and estimation in decision

theory,” Inf. Control, vol. 12, no. 2, pp. 116-120, Feb. 1968.

G. N. Watson, A Treatise on the Theory of Bessel Functions. Cambridge,

U.K.: Cambridge Univ. Press, 1995.

J. Segura, “Bounds for ratios of modified Bessel functions and asso-

ciated Turdn-type inequalities,” J. Math. Anal. Appl., vol. 374, no. 2,

pp- 516-528, Feb. 2011.

A. Baricz, “Bounds for Turdnians of modified Bessel functions,” Expo-

sitiones Math., vol. 33, no. 2, pp. 223-251, 2015.

(10]

(11]

[12]

[13]

[14]

[15]
[16]
[17]

(18]

[19]

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 65, NO. 6, JUNE 2019

[20] C. Hatsell and L. Nolte, “Some geometric properties of the likelihood
ratio (Corresp.),” IEEE Trans. Inf. Theory, vol. 17, no. 5, pp. 616-618,
Sep. 1971.

A. Dytso, M. Egan, S. Perlaza, H. V. Poor, and S. Shamai (Shitz),
“Optimal inputs for some classes of degraded wiretap channels,” in Proc.
IEEE Inf. Theory Workshop, Guangzhou, China, Dec. 2018, pp. 1-6.
A. Dytso, R. Bustin, H. V. Poor, and S. Shamai (Shitz), “On the structure
of the least favorable prior distributions,” in Proc. IEEE Int. Symp. Inf.
Theory (ISIT), Vail, CO, USA, Jun. 2018, pp. 1081-1085.

E. Marchand and W. E. Strawderman, “Estimation in restricted parame-
ter spaces: A review,” in A Festschrift for Herman Rubin. Hayward, CA,
USA: Institute of Mathematical Statistics, 2004, pp. 21-44.

J. C. Berry, “Minimax estimation of a bounded normal mean vector,”
J. Multivariate Anal., vol. 35, no. 1, pp. 130-139, 1990.

M. Al, A. Dytso, H. V. Poor, and S. Shamai (Shitz), “Release of peak-
power capacity,” Aug. 2018, doi: 10.5281/zenodo.1401556.

E. Marchand and F. Perron, “On the minimax estimator of a bounded
normal mean,” Statist. Probab. Lett., vol. 58, no. 4, pp. 327-333, 2002.
M. Raginsky, “On the information capacity of Gaussian channels
under small peak power constraints,” in Proc. 46th Annu. Allerton
Conf. Commun., Control Comput., Monticello, IL, USA, Sep. 2008,
pp- 286-293.

R. Bustin and S. Shamai (Shitz), “MMSE of ‘bad’ codes,” IEEE Trans.
Inf. Theory, vol. 59, no. 2, pp. 733-743, Feb. 2013.

A. Dytso, R. Bustin, D. Tuninetti, N. Devroye, H. V. Poor, and
S. Shamai (Shitz), “On communication through a Gaussian channel with
an MMSE disturbance constraint,” IEEE Trans. Inf. Theory, vol. 64,
no. 1, pp. 513-530, Jan. 2018.

A. Dytso, R. Bustin, H. V. Poor, and S. Shamai (Shitz), “A view of
information-estimation relations in Gaussian networks,” Entropy, vol. 19,
no. 8, p. 409, Aug. 2017.

Y. Wu and S. Verdd, “Functional properties of minimum mean-square
error and mutual information,” IEEE Trans. Inf. Theory, vol. 58, no. 3,
pp. 1289-1301, Mar. 2012.

Y. Wu, C. Xiao, Z. Ding, X. Gao, and S. Jin, “A survey on MIMO
transmission with finite input signals: Technical challenges, advances,
and future trends,” Proc. IEEE, no. 106, no. 10, pp. 1779-1833,
Oct. 2018.

A. Dytso, S. Yagli, H. V. Poor, and S. Shamai (Shitz), “The capacity
achieving distribution for the amplitude constrained additive Gaussian
channel: An upper bound on the number of mass points,” to be published.
[Online]. Available: https://arxiv.org/abs/1901.03264

S. Yagli, A. Dytso, H. V. Poor, and S. Shamai (Shitz), “Some aspects
of totally positive kernels useful in information theory,” in Proc. [EEE
Wireless Commun. Netw. Conf., Marrakech, Morocco, to be published.
A. A. Cuyt, V. Petersen, B. Verdonk, H. Waadeland, and W. B.
Jones, Eds., Handbook of Continued Fractions for Special Functions.
New York, NY, USA: Springer, 2008.

W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery,
Numerical Recipes: The Art of Scientific Computing, 3rd ed. Cambridge,
U.K.: Cambridge Univ. Press, 2007.

A. Dytso, H. V. Poor, and S. Shamai (Shitz), “Capacity of the vector
Gaussian channel in the small amplitude regime,” in Proc. IEEE Inf.
Theory Workshop, Goungzhou, China, Dec. 2018, pp. 1-5.

[21]

[22]

[23]

[24]
[25]
[26]

[27]

(28]

[29]

(30]

[31]

[32]

(33]

[34]

[35]

[36]

[37]

Alex Dytso is currently a Postdoctoral Researcher in the Department of
Electrical Engineering at Princeton University. In 2016, he received a Ph.D.
degree from the Department of Electrical and Computer Engineering at the
University of Illinois, Chicago. He received his B.S. degree in 2011 from
the University of Illinois, Chicago, where he also received the International
Engineering Consortium’s William L. Everitt Student Award of Excellence for
outstanding seniors. His current research interest are in the areas of multi-user
information theory and estimation theory, and their applications in wireless
networks.

Mert Al received the BSc degree in electrical and electronics engineering
from Bogazici University, Istanbul, Turkey in 2015, and the MA degree in
electrical engineering from Princeton University in 2017, where he is currently
pursuing his PhD degree under the supervision of Prof. Sun-Yuan Kung. His
current research is focused on developing scalable learning algorithms with
applications in data privacy, classification, feature selection and visualization.
His interests include kernel methods, adversarial learning, privacy and security,
information theory, speech and image processing.


http://dx.doi.org/10.5281/zenodo.1401556

DYTSO et al.: ON THE CAPACITY OF THE PEAK POWER CONSTRAINED VECTOR GAUSSIAN CHANNEL

H. Vincent Poor (S’72-M’77-SM’82-F’87) received the Ph.D. degree in
electrical engineering and computer science from Princeton University in
1977. From 1977 until 1990, he was on the faculty of the University of Illinois
at Urbana-Champaign. Since 1990 he has been on the faculty at Princeton,
where he is the Michael Henry Strater University Professor of Electrical
Engineering. During 2006 to 2016, he served as Dean of Princeton’s School
of Engineering and Applied Science. He has also held visiting appointments
at several other institutions, most recently at Berkeley and Cambridge. His
research interests are in the areas of information theory and signal processing,
and their applications in wireless networks, energy systems and related fields.
Among his publications in these areas is the recent book Information Theoretic
Security and Privacy of Information Systems (Cambridge University Press,
2017).

Dr. Poor is a member of the National Academy of Engineering and the
National Academy of Sciences, and is a foreign member of the Chinese
Academy of Sciences, the Royal Society, and other national and international
academies. Recent recognition of his work includes the 2017 IEEE Alexander
Graham Bell Medal, Honorary Professorships from Peking University and
Tsinghua University, both conferred in 2017, and a D.Sc. honoris causa from
Syracuse University awarded in 2017.

3921

Shlomo Shamai (Shitz) received the B.Sc., M.Sc., and Ph.D. degrees in
electrical engineering from the Technion—Israel Institute of Technology, in
1975, 1981 and 1986 respectively.

During 1975-1985 he was with the Communications Research Labs, in the
capacity of a Senior Research Engineer. Since 1986 he is with the Department
of Electrical Engineering, Technion—Israel Institute of Technology, where he
is now a Technion Distinguished Professor, and holds the William Fondiller
Chair of Telecommunications. His research interests encompasses a wide
spectrum of topics in information theory and statistical communications.

Dr. Shamai (Shitz) is an IEEE Life Fellow, an URSI Fellow, a member of
the Israeli Academy of Sciences and Humanities and a foreign member of the
US National Academy of Engineering. He is the recipient of the 2011 Claude
E. Shannon Award, the 2014 Rothschild Prize in Mathematics/Computer
Sciences and Engineering and the 2017 IEEE Richard W. Hamming Medal.

He has been awarded the 1999 van der Pol Gold Medal of the Union
Radio Scientifique Internationale (URSI), and is a co-recipient of the 2000
IEEE Donald G. Fink Prize Paper Award, the 2003, and the 2004 joint
IT/COM societies paper award, the 2007 IEEE Information Theory Society
Paper Award, the 2009 and 2015 European Commission FP7, Network of
Excellence in Wireless COMmunications (NEWCOM++, NEWCOM#) Best
Paper Awards, the 2010 Thomson Reuters Award for International Excellence
in Scientific Research, the 2014 EURASIP Best Paper Award (for the
EURASIP Journal on Wireless Communications and Networking), the 2015
IEEE Communications Society Best Tutorial Paper Award and the 2018 IEEE
Signal Processing Best Paper Award. He is also the recipient of 1985 Alon
Grant for distinguished young scientists and the 2000 Technion Henry Taub
Prize for Excellence in Research. He has served as Associate Editor for the
Shannon Theory of the IEEE TRANSACTIONS ON INFORMATION THEORY,
and has also served twice on the Board of Governors of the Information
Theory Society. He has also served on the Executive Editorial Board of
the IEEE TRANSACTIONS ON INFORMATION THEORY and on the IEEE
Information Theory Society Nominations and Appointments Committee, and
serves on the IEEE Information Theory Society, Shannon Award Committee.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


